
Methods o f P r o o f
-

Given a mathematical s t a t e m e n t ,

w e w a n t t o d i r e c t l y r e a s o n t o

a r e s o l u t i o n o f w h e t h e r t h e

s t a t e m e n t i s t r u e o r f a l s e , i . e . ,

t o prove o r disprove t h e

s t a t emen t . Sometimes t h i s i s

impossible o r unclear!



Contradiction

Given a s ta tement , a s s u m e i t s

negat ion .
Reason f r o m t h i s assumpt ion

t o a c o n c l u s i o n yo u k n o w t o b e

fa l s e .

Therefore, t h e or iginal

s t a t eme n t m u s t b e true!



Example-l: T h e r e a r e i n f i n i t e l y m a n y

pr ime n u m b e r s .

proof'. B y cont rad ic t ion . Suppose

there a r e finitely m a n y

prime n um b e r s

p i , Pa, P 3 , . . - , Pa
.

Let

x=(Pip,-Pi...-R)tl.

Dividing × by a n y
o f t h e

primes p i , P a , . . . , p ,
yields a

remainder o f l .



w e have t w o possibilities:

e i t h e r

1) X i s prime, w h i c h

immediately contradicts

o u r assumption
t h a t t h e r e

a r e n primes, o r

2 ) x i s composite, w h i c h

implies t h e ex i s t e n c e o f a

prime that d iv ides × t h a t

i s n o t equa l t o a n y o f

P i , Pa , . . - , P a .
T h i s i s

a g a i n a contradict ion.

T h e r e f o r e , w e m u s t h a v e infinitely

m a n y primes.

O



Remar-h: ( t h e contrapositive)

Recall t h a t t h e contrapositive o f

a n implication
" i f P, t h e n Q"

i s t h e logical's equivalent
s t a t e m e n t

" I f n o t Q, t h e n n o t P". Every

proof b y contradiction c a n b e
reworded

a s a proof o f t h e contrapositive,

b u t i s o f t e n m o r e d i f f i c u l t t o

wr i te !



Open Problem: t h e T w i n Pr ime

conjecture!

W e k n o w t h e r e a r e infinitely m a n y

prime
n u m b e r s . Do the re e x i s t

i n f i n i t e l y m a n y prime n umb e r s p

s u c h t h a t p t 2
i s a l s o a prime

number?

Conjecture: Ye s ! But n o o n e c a n

prove i t . . .



Induction

A bootstrap me t h o d fo r proving

s t a t emen t s PCn) indexed b y t h e

n a t u r a l n u m b e r s . T h e idea i s :

b a s e → 1 ) Estab l ish P C I ) t o b e t r u e .

s tep

i nduc t i ve → 2 ) Assume P l n ) t o b e t r u e

s t e p
fo r a n arb i t rary n a t u r a l

n u m b e r n , n ? l . Prove

t h a t , u n d e r t h i s assumption,

P l a t t ) i s t r u e .

Combining t h e s e s tep s proves P l n )

fo r a l l n a t u r a l n um b e r s N .



Gazer: L e t pcx) be a n o n c o n s t a n t

polynomial w i t h complex

c o e f f i c i e n t s a n d suppose

pc× ) h a s a ¥149 'number

T h e n i f t h e degree o f

p i x ) i s n , p w factors
P ln ' {in
to

a product o f l i n e a r

t e r m s , a n d t h u s h a s

n r o o t s (possibly
repeated)

i n ¢ .

proof'. U s e i n d u c t i o n : s t a r t w i t h

n = l . T h e n pCx)=axtb

f o r s o m e a , b E Cl a n d i s

a l ready l i n e a r .



Before t h e general proof,

let's s e e h o w t o get f rom

n t o A t l w i t h s om e va l u e s

o f h ,

n i 2 : T h e n pCx)=ax2tbxtC

w h e r e a t 0 . W e a s s u m e
t h a t

p l x ) h a s a r o o t i n G , and

the re fo re , deno t i ng
t h i s r o o t

b y d i ( K d ) d i v i d e s

Pac ) . Bu t pCx) i s quadratic,

s o

pcx)--(x-d) ( a x t d ) for

s o m e D E G ,
and hence factors

l i n e a r l y .



n ' - 3 ! T h e n pcxs=ax3tbx2tcxtd

w i t h a # 0 . T h e n b y

assumption, p a l h a s a

r o o t D E G , s o (X-d)

d i v i d e s p u s . B u t

pCx) i s cub i c , s o

ftp.#where
t h e degree o f q l x ) i s 2 .

B y t h e n = 2 s t e p , qCx)

factors l i n e a r l y, a n d s o

pcx ) factors linearly



General n ' . O u r i nduc t i ve s tep

i s t o a s s u m e t h a t ,

fo r a n a t u r a l n u m b e r

n 2 2 , t h a t eve ry

polynomial o f degree

n - 1 factors l inearly.

N o w suppose plx) h a s

degree n . B y assumption,

pw) h a s a r o o t L E G ,

s o aga i n , (X-d) d i v i d e s

p c x ) . W e m a y t h e n

w r i t e

pcxsifx.dk#N.



B y t h e i n d u c t i v e hypothesis,

q t ) factors linearly and

therefore p ( x ) fac to rs l inear ly.

O u r general s ta temen t
i s

t h e n t r u e d u e t o i n d u c t i o n .

A



Remark: T h e fa c t t h a t e v e r y polynomial

w i t h complex coef f i c ien ts

t h a t i s n o n c o n s t a n t h a s a

c o m p l e x r o o t i s ca l l ed t h e

fundamental T h e o r em o f Algebra.

T h e proof o f t h i s r e s u l t

appears
t o always i n v o l v e

mathematics o t h e r t h a n algebra!

( T a k e Complex Va r i a b l e s ,

M a t h 4 55 )



R em a r k : ( t h e w e l l - o r d e r i n g principle)
-

T h e We l l - Ordering Principle s t a t e s

t h a t e v e r y
nonempty s u b s e t o f

t h e n a t u r a l n u m b e r s h a s a l e a s t

e l e m e n t .
T h i s principle i s

equivalent t o t h e fact t h a t

i nduc t i on w o r k s ( the Pr inc ip le

o f mathematical Induction)



T h e W e l l -Ordering Pr inc ip le i s

n o t t o b e confused w i t h t h e

W e l l - Ordering T h e o r e m , w h i c h

s t a t e s t h a t a n y s e t c a n b e

w e l l - o rd e re d . T h e Well-Ordering

T h e o r e m i s equivalent t o the Axiom

o f choice!



Proofbycasesy

(Exhaustion)

Ta k e a s ta temen t y o u w a n t t o prove.

D i v i d e i n t o n s u b c a s e s . Prove

e a c h s u b c a s e .



Examplets: T h e t r i a n g l e inequality

f o r r e a l numbers ?

i f x , y , Z E I R , t hen

1×-2-1 E lx-yltly.tt/.

proof: B y c a s e s . L e t a = x - T ,

b -- y - z . w e r e d u c e t o

proving

I atbl-lx-yty.tt/-
=lx-zlElx-
yltly-zI=laltlbl.


