
Q : C a n y o u c o n s t r u c t a f i e l d o f

a n y ( f i n i t e ) cardinality?

A : No ! T h e c a rd i n a l i t y o f a n y

f i n i t e f i e l d m u s t b e p" for

s o m e prime p and s o m e N E I N .

O u r examp le w o r k s s i n c e 4=22,

p=n=2.



Why there i s n o f i e l d w i t h 6 e l e m e n t s :

( a l l t h e potential f i e l d L
.

I f

14=6, L h a s t w o operations
" t "

and''." such t h a t , i f 0 i s t h e

add i t i ve ident i ty fo r L ,

( L , t ) i s a commutative group and

(Ll{03, - ) i s a commutative group.

s i n c e I 1 1 = 6 , flitlisi-morphic

fo 2 6 a s a g r o # . Similarly,

( l z . l i # E 5 .



Since (L i t ) i s isomorphic t o 26,

note t h a t i n 2 6 ,

( 2 ) t [ 2 ) t [2 ) = ( 6 ) = (o)

[ 3 ) t [ 3 1= [6 1 - -6 ]

[411-[41+14]=[123%0]

[ I ] t [ I ] t [ i t [I]t[Dt[17=[61--6]

( 5 ) t [ 5 ) t [ 5 ) t[5]t[5]tC5J=Go]=[o]

(minimal numbe r o f additions)



s i n ce ( (LEO) ; ) i s isomorphic

t o 25 ,
there i s a n e l emen t

a t L , a t o , w i t h

{ a , a',a3,a4, 95=1}:(Not;)

( a i s jus t t h e i m a g e o f G ) sunder

t h e isomorphism)

Then L= { 0 , 1 , a , a', 93,993.

Cons i d e r adding 1 t o i t s e l f .

By n o m o r e t h a n f i v e i t e r a t i o n s ,

y o u w i l l r e t u r n t o z e r o , s i n c e

( L i t ) i s i s omo rph i c t o 2 6 .



I t I t . . . t l = O

¥ 1 t h a n

6 o n e s

suppose I t 1 = 0 .

T h e n

a t a = a ( I t t ) = a - 0 = 0 .

s im i l a r l y, a2ta2=0,
a3ta3=0, au t a ko .

W e k n o w t h a t I t 1 t o be cau s e

i n 26, y o u can't
a d d [ 5 ] t o i tse l f

t w i c e a n d get f o ] .



I f I t 1 1 - 1 = 0 ,
H e n

a t a t a = a ( f t I t t ) = a - 0 = 0

a n d a l s o

a'ta'td=a3ta3fa3=a"ta%a"=O.

T h i s can't happen fo r the s a m e r e a s o n

a s f o r I t t : O -

nonzero

T r e r e i s novelement X i n 126

w i t h x t x t x t x - fo ] o r

Xtxtx tx t×=0]

By process o f e l i m i n a t i o n ,

I t 1 f t t f t f f l
= 0

(minimal n u m b e r o f
additions)



B u t s i n c e ( L i t ) i s isomorphic

t o 26 a s a g r o u p , F Y E L ,

y t y = 0 , s t 0 . B u t

s i n c e y t o , y i s invertible!

T h e n

D = y t y = y ( I t t ) .

mul t ip ly bo t h s i d e s b y y'' t o

get

0 = y"-O- y"-9. ( I t t )
T

' °
0 = 1 + 1 ,

contradiction!


