
Proposition: (characterization o f order)

I f G i s a g roup and XEG ,

t h en o ( x ) i s t h e smallest

m e t h a n e .

proof: I f h e 1 N i s the sm a l l e s t

n a t u r a l n u m b e r
w i t h ×" = L ,

t h e n x ' t ' s ×? x = e . x = x .

s i m i l a r l y , fo r a n y positive

power o f X ,

Xm = ×"'m.



Observe a l s o t h a t ( n 2 2 )

e = X" = x ' " -x

⇒ x"" = x'' by uniqueness

o f t h e i n v e r s e .

T h e r e f o r e ,

( x ) = { e , x , x's.-,x""}

⇒ o ( x ) : n .

O t h e r direction n e x t t ime !



Suppose o l x ) - n C- I N .

Suppose I K E I N , K E N ,

×" = e .

T h e n t h e powers

{ e , x , x ', . . . ,x""}

fo rm a subgroup of 6 by

exa c t l y t h e s a m e a rg umen t

t h a t { e , x , x ', . - , ×""}

form a subgroup -

S i n c e X E { e , x , x ' , . . . , x "3 ,



w e k n o w t h a t

{ e . x , x ', . . , x"32 L x >

We assumed t h a t 0 ( X ) = n
,

s o n--01×1=12×31 E Ice,x,x2,-,x"))
=

w e assumed t h a t

K E h
,
a n d w e h a v e

proved t h a t n E K .

Therefore, n ' - K .

D



Theorem: (characterization o f c y c l i c groups)

Le t 6 be a cycl ic group.

T h e n e i t h e r

1 ) G i s isomorphic t o 12

o r

2 ) F N E I N w i t h

G isomorphic t o 12h.

proof:
-

Suppose 161 = D .

s i n c e I X EG w i t h

6 = 2 × 7 ,



then V h EG , F

n e 2 w i t h

h = X " .

Define

6 : G - 7 2

@( x ) : n .

Cl i s surjective b y const ruct ion .

N o w suppose

n = @ ( x ' s = @ (xm) = m



w e then h a v e

× n = Xm

⇒ xm" = e .

T h i s shows 4 i s injective.

w h y i s @ well-defined?

Suppose × " = x"
.

T h e n ×"" = e

I f m - n ¥ 0
,
t h e n

F K E I N w i t h

×" = e



T h e n b y t h e previous

proposition,

161=12×31 = k .

T h i s can't happen s i n c e

w e assumed 16 1 i s inf in i te .

S o y i s wel l-def ined.

Last, w e need t o chec k t h a t

6th ,-ha)= @ ( h i l t @ (ha )

h t h i , h , E G .

W e k n o w I n ,
M E I N



w i t h

h ,=x", ha- X " .

T h e n

h i h 2 = X't" and

Cllhih,)= h t m

= @( h i l t @ (ha) ✓

Therefore, f i s a n isomorphism,

I f 161 L o s ,
t a l e a generator

X E G , 6 = 2 × 7 .



Define

a : b → 2161

6(×") =[m) mod 161

Reduce

celxmx"),

ce l l i s t @hi)

mod 161 t o get t h a t

4 (xmxn): @hi l t@hit

D


