
Counting

(section 1 . 9 )

Combinatorics - t h e f ie ld o f mathemat ics

t h a t counts t h i n g s ,

o f t e n i n v e r y c l e v e r

ways !



Proposition : ( subse ts o f a f i n i t e s e t )

Let s be a s e t ,

I S I = n L o s .
T h e n

5 h a s In d i s t i n c t

s u b s e t s .

proof'. Le t T b e a n a rb i t ra ry sub se t

o f S and s uppo s e

5 = { X i , y a , 4 3 ,
- - i , X n } .

T h e n e i t he r X , E T o r 4 4 T

( 2 cho ices)



Either ↳ E T o r 424T

( 2 choices)

s i m i l a r l y , V K , 1 1 k E n ,

e i t h e r X u E T o r xu4T.

T h i s gives 2 choices for e a c h

element o f 5 , fo r a t o t a l

o f 2" choices of subsets .

D



Proposition: ( l e - e l e m e n t s u b s e t s o f a f in i te

s e t ) Let s be a

f i n i te s e t , I s l a n d s .

T h e n i f O E K E n ,

t h e n u m b e r o f 6 - e l emen t

subse ts o f S i s

" n choosek" → ( I ) =
I
(n-ki! K !

'

proof'. Some convention! O! = / .

So fo r 4 = 0 , w e ge t

n?÷, = I r



I n general, i f y o u w a n t

t o choose k e l e m e n t s o f

S
,

w e c a n d o t h i s i n

t h e following w a y
'

.

S - { x . , y a , . . . , X n } ,

t o m a k e a
K-element s u b s e t

o f S , y o u
h a v e

- n c h o i c e s f o r t h e f i r s t e l e m e n t

- ( n a i ) choices fo r t h e second e l emen t

- ( n - 2 1 cho i ce s fo r t h e third e lement

"
i



- (n-(k-1)) choices for t h e 4th

e l em e n t

s o y o u
h a v e

n (n-n-Cn-2) . . . .
- (n-Lk-i))

cho ices , w h i c h w e c a n r e w r i t e

a . in.÷i.

W h y do w e d i v i de by t h e additional

fac to r i a l o f k?



for e x amp l e , i f w e w e r e choosing

3 - e l emen t subse t s , w e could

choose i n t h e o r d e r

{ X i , X s , X p } ,
b u t a l s o

{ Xs , 4 7 , 4 3 . T h e s e

a r e t h e s a m e s e t s , j u s t

w r i t t e n i n a d i f fe ren t o r d e r .

For a f i x e d k -element s u b s e t

o f 5 , there a r e k !

w a g s t o r e a r r a n g e the o r d e r ,

a n d a l l o f these c o u n t a s

t h e s a m e s e t .



So t o e x c l u d e repe t i t i ons ,

w e
d i v i d e o u t by k ! ,

w h i c h gives u s

±
( a n y, , ,

d i f ferent 4 - e l e m e n t

s u b s e t s .

D



Lenya: (properties o f ( n u ) )

w i t h t h e convention t h a t

K E Z and i f n E I N ,

( 2 ) = 0 i f K c 0 ,

w e
h a v e

1 ) ( 2 ) c- 2 , ( 2 ) 2 0

2 ) ( 2 ) =L?)

31 ( ? ) - ( "I')tC%!)



theorem: (b inomia l ) Let x a n d

y b e commuting indeterminate.

I f n E Z , n > 0 ,

cxtyf.EC?)x4y#K U
proof'. B y "commuting

indeterminates!

w e m e a n t h a t y o u c a n
add

and mu l t i p l y x and y ,

w i t h t h e u s u a l a s s o c i a t i v e

and d is t r i bu t i ve laws applying.

T h e "commuting" p a r t m e a n s

x y = y x ,
b u t i t i s



a l s o t a k e n f o r granted t h a t

x t y = y t X . V i a induction,

O n e c a n s h o w t h a t

(×y5= Xmy" t m e n .

Aside:
t h e

Binomial
X - [ % ) ,

g--[ 'ooo]

Theorem
i s

fa l s e
f o r

matrices (xtyf= [ 'of]?:[ff)
fo r n Z 2 .

×2t2xyty2= [881+2%8]

tf'o8)
= [
'ooo]



We' l l prove
t h e b inomia l t h eo rem

b y induction's

Base c a s e n i l i s t r i v i a l .

(xty)'s? [ ( 'a)×kytk
4 = 0

xty? ( f ) x°y' t (1) x'y°
F F

x t y = y t x
✓



N o w a s s u m e t h a t

[ ( 1 ) ×" y"-"= (xts)"
K - o

f o r s o m e M E N .

(xtyft's (xty) (X t s )

=§(4)x"y"")(xty)
r e e f

= A . X t A . y



= [(2) x"y"'". x
4 = 0

t {(nu) ×" y"" ay
n - 0

B y commutativity, t h i s i s

{121 x¥¥, y""
4 = 0

+ {(nu) ×" gnats
4 = 0



Reindex

For t h e f i r s t s o n , l e t

m e l e t l .

T h e n K- m - l , s o

w e ge t

£' (m?,) xmyn.cm'
n ' - 1

h t t

= {
(m?,)×myn-ntl

-

m - l

I n t h e second s u m , c h a n g e

t h e i n d e x o f summat ion t o n

t o ge t t h a t



(xtyft 's § (nm) × '
y'-ntl

M i e l

^

(nm) × my
n-anti

+ E
m = 0

= & ((nm)tm?)) xmyn-m"
m = L

+ ( I ) ×'t'

+ (to) gatt
T

=
x"'tynt't {((2)+ (L))×my't'

m = I



By t h e previous l e m m a ,

( 2 ) tm? ,) = (nth),

so w e g e t

(Xty)"! xntitynt't [(html)
xmynth
m

m i l
✓

B y induct ion , t h e proof i s complete.

D


