
Coroner: 1) 2" =} (? )
4 = 0

2 ) o = {Cail?)
4 = 0

3 ) 2"'s [ ( 2 ) ={(nu)
6 = 0 4 = 0

k odd u e v e n

proof: 1) By
the binomial theorem,

(xty)': [ ( 1 ) ×" g"."
6 = 0



For 1 ) w e choose

x = y = I .

2 ) fo r 2 ) ,
choose

x = - I

y = I .

3) from 2 )
,

0=21211-4"
4 = 0

n

^

lines"t{(2) t's"
u

0 = 8
= . ,

I4 = 0 4 = 0
u odd u e v e n



o=-Einstein
h = 0 4 = 0

4 odd m e a n

n n

⇒ [ i i i . s i nus
4 = 0 4 = 0

U odd h e v e n

w e k n o w f rom 1 ) t h a t

"

( 2 ) = 2£ (na),2n= E
4 = 0

4 = 0
u e v e n

s o 2"'s { (? ) ={(nu).
U T O 4 = 0

u e v e n k odd B



LEE: L e t p E I N be prime. Then

1 ) I f O L hep ,
H E I N ,

t h e n p 1 (Pa).

2 ) V m , n E 2 ,

(m t n )P I mPtnP
mo d p

proof: D (E ) I I I . u , s '

p ! = (I)-(p-h!-K!



p l ( p ! ) , s o w e

m u s t
h a v e e i t h e r

p l (Pu), Pllp-hi!, o r

P) k ! . B u t s i n c e

0 2 k L P ,
a l s o 0 L p - k L p

and s o p i s n o t o n e o f t h e

t e r n s i n e i t h e r K ! o r (p-K)!.

Therefore , pXk ! and pklp.li)!,

s o w e m u s t have p ) ( I ) .



2 ) By t h e b i n om i a l theorem,

p

(mtn)"- { ( E ) m",""
-

h = O

Bu t i f 0 L k L p , w e showed

p l (Pu), s o

p

(mtn)" m o d p =#(Pu) m" n'"4)modp

= { ( ( "a)m"n'
" "modp)

4=0



I § ((Pu) modp . (m"n'
" " ) modp

4 T O
~

I 0 mod p

s ince pl(Pu)

E (Pp) on" modp t (8)n''modp

÷I T

=
MP mod p t n

P
m o d p

I (mPtnP) mod p

D



theorems (Fermat, l i t t l e ) Le t PEIN,

p prime. T h e n

1 ) t n e 2 ,

NP I n modp

2 ) i f p X n , n t h ,

t h e n

np-l I I modp

proof'. We ' l l establ ish t h i s a s a

corollary o f a l a rge r t heo rem ,



Fermat's Las t T h e o r e m

s t a r t :
42+92=2-2. Are there

so l u t i ons i n I N t o th i s

equation? Nam e l y , a r e

there X i y , Z
E I N t h a t

satisfy t h i s
equation?

Yes! x = 3 , 9=4,
E - 5

w i l l w o r k . I n fact,

there a r e infinitely m a n y

s o l u t i o n s i n I N t o t h i s

equat ion,
called Pythagorean

Tr i p l e s .



Wha t about s o l u t i o n s i n 1N t o

×3ty3=z3? o r

×"'tylo' ez'"?

The re a r e n o s o l u t i o n s i n 1N!

M a i n l y d u e t o Andrew wi l es

i n t h e
1990's

- roughly

300 pages o f
h a r d math!

T h e on l y solut ions i n 1N to

×" ty":-2" o c c u r when

4=1 o r 4=2! (helm)



Euler's I function

T h i s i s cal led the "totient" function.

L e t N E I N . w e define @ (n)

to b e t h e cardinality o f

a l l 4 E I N ,
h e n , w i t h

gcdlk.nl :1 .

Q(2) = I 6165-2=6121.9131

@( 3 ) = 2 eCH=6

a c u ) -
21=61212 6181=4

6 1 5 1 = 4 6191=6
;



Proposition: ( @ ( n ) a n d multiplicativity)

I f gcd(n, m ) = L , t h e n

Cl ( nm ) = a n t e l m ) .

proof'. L e t

A={HEIN / I t K e n , god (Kimel)

B:{LEIN / I t e l m , gale,ml= I}

( = {SE I N / I t s L n m , galls,nmH}



B y t h e Chinese Remainder Theorem,

i f K E A a n d DEB , s i n c e

god (min)
= L , F S E C

,

S I k m o d n

S E L mod M .

Moreover, S i s u n i q u e u p t o

congruence modu l o m n .

T h i s fact implies t h a t there

i s a w e l l - defined function

f . A x i s → C such t h a t



fCCk,eD
µwh e r e s I k n o d n , S i lmon.

I A x 131=1 Al-1131 telnicelm)

I c l = @ ( n m ) .

W e w i l l s h o w t h a t f i s a

b i j e c t i o n , s o t h a t

4h16am =/ A x 131=1 f l a xB )I s 14=664.



injectivity suppose (K, e ) , (a,b)EAxB,

f (CK,es)=f((a,b)) = S .

T h e n by definition o f S ,

S I k mod n = a modn,

s o n /(h-a). B u t

I f k , a L n ,
s o h - a = 0

and a s k . S imi lar ly, s i n c e

S I l m o d m = b mod on ,

w e g e t l = b . Therefore,

f i s injective.



sur jec t i v i t y : Lc t S E C . Le t

K I S m o d n , 1 1 6 L n

L E S m o d m , I E l l m .

S ince gcdls.mn)-l ,

then god ( k i n )
= / and

god (d ,n )= l = )

(4, e ) E A x B , s o t h a t

f((Kie)) = s . Therefore ,

f i s surjective.



W e k n o w f i s a bisection,

s o

Alnicelm)=/AxBl=lflAx B )KICK@Cnn).

A


