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Definition:(cycle, d is jo in t cycles)

A c y c l e i n S n i s

a permutation f s u c h

t h a t w e c a n wr i t e

{1,2, . . . ,n3=T, U T ,

w i t h T , 7 7 2 = 0

whe re i t k£72 ,
f c k ) = k

a n d K a , b
C-T i , F m e I N

w i t h
f'm'(a) = b .



Here, f(MI f o f o f o . . - o f
~

m t i m e s

a n d Y a E T, f l a t t a .

T w o cyc l e s f a n d g

a r e sa id t o be d is jo int

i f whenever f c k ) = k whenever

gck)#k and g l k ) : 4 whenever

f c k ) t k .



Examples: (cycles) I n 55 ,

I 2 3 a 5
)

f - (y
2 1 3 5

i s a c y c l e w i t h

T i - { 1 ,343

a n d T , = {2 ,53 .

f(11=4
f lan)=f l4) = 3

f ( 3 ) = /

f ( f ( 3 ) ) : f ( 1 1 = 4 e t c .



I f

I 2 3 4 5
)

g -- [ I 5 3 4 2

th e n for g ,

T , = { 2 , 5 )

Ts : { 1 , 3 1 43

S o f a n d g a r e d i s j o i n t .



No t a c y c l e :

I 2 3 4 5

h i [z 1 4

53]

h i s n o t a cyc l e s i n c e

h ( 3 ) ¥ 3 an d h a l f 1 ,

bu t there i s n o power o f

h w i t h h e l l = 3 .



Cyc l e N o t a t i o n

I f F E S , i s a c y c l e ,

w r i t e

T , = { X i , Y a , - - s Xm}

whe re m = I T , I and

X z = f-(Xi) , X3=flx2),...,
Xfflxm)

T h e n w e u s e cycle n o t a t i o n

t o descr ibe f :

f=(x#.×mµ



[ ¥ 2 : (expressing permutations a s cycles)

s t a r t w i t h a c yc l e

I 2 3 4 5 6

f - [y 5 3 2 I

6
)

I n c y c l e n o t a t i o n ,

f- = ( 1 4 2 5 ) .

Read t h i s f rom l e f t t o r i g h t a s

"
I g o e s t o 4 , 4 goe s to 2 ,

2 g o e s t o 5 , 5 goes t o 1 " .



N o t e t h a t w e suppress a n y numbers

t h a t f does n o t m o v e .

Q : w h a t i f f f i x e s a l l t h e

numbers?

A' . T h e n f i s t h e identity permutation,

d eno ted by e .



Composition o f Cycles

I f f , G E S n a r e cycles,

f- = ( x , x , . . . X m )

g = ( y , y a . . . % )

fo r m ,
K E n , t h e n t h e

composition f o g i s given a s

fog=(XiX2---Xm¥2µ



N o t e : i f f a n d g a r e dis jo int ,

t h i s n o t a t i o n i s c l e a r , and

f o g = g o f . W h a t i f f

a n d g a r e n o t disjoint?

T h e n t h e cyc l e to t h e

fa r thes t r i g h t i s t h e

first permutation t o b e applied,

t h e n proceed from r i g h t t o

l e f t (function composition)



Exampled : (composition of cycles) I n 53,

l e t f = ( 123 ) ,
9=112).

Compute f o g i n t w o w a y s :

1 ) B y convert ing t o 2 - l i n e

n o t a t i o n a n d multiplying

2 ) B y mu l t ip ly ing cyc les .

1 ) f = [I
2 3

2 3 I ]

s : [ I
2, } ]



f o g : {'2¥; §}
fog = § & }]
I n cycle n o t a t i o n ,

fog = ( I 3 )



2 ) (123) (Lg) = ( I 3) ✓

Bu t : T h e product o f cyc l es need

n o t b e a cycle!

I n S y , l e t f = ( I 2 3 41 .

f o f =

(1,234%1%3,4
)

fo f = ( I 3 ) ( 24 ) n o t a cyc le



O n e l a s t examp le : I n S y ,

le t f = ( I 2 5 ) ( 6 7 )

g = ( 2 3 7 4 )

h = ( 2 4 ) ( 5 7 ) ( 3 1)

Compute !

f o g o h =

((I 2 5 ) ( 6 7))((2 3 74))(2 4 ) ( 5 7 ) ( 3
1))

= ( I 6 7) ( 2 5 4 3) ✓


