
Definition" (degree, n o n i c polynomial)

L e t p l x ) E K ( x ) . T h e degree o f

①( x ) i s t h e largest power o f X

i n t h e expression
fo r p ( x ) t h a t

has a n o n z e r o coe f f i c i en t i n K .

T h i s t e r m i n p i x ) i s called t he

leading t e r m , a n d plx) i s

s a i d t o b e m o n i c i f

the coef f i c ien t o f t h e leading

t e r m i s 1 ,



Preposition: (degree properties) Le t

plx) and qCx)E U G T .

T h e n

1 ) T h e degree o f p lx)-ex) i s

t h e s u m o f t h e degrees o f

pCx) a n d q l x ) .

2 ) T h e degree o f p u t 9 4 )

i s less t h a n o r e q u a l t o

t h e m a x i m u m o f t h e

degrees o f plx) and q ( x ) .



proof'. I m m e d i a t e f r om t h e de f i n i t i ons

o f polynomial multiplication

and d i v i s i o n . However, there

i s o n e convention w o r t h noting!

I f pex) = 0 , then

p i x ) . E l x ) = 0 . How d o e s

t h i s f i t w i t h 1 ) ? I n

o r d e r fo r t h i s t o w o r k w e

declare t h e degree o f t h e

Z e r o polynomial t o be - p ,

a n d enforce t h e special rules t h a t

- a s t h = - a s t f N E I N 0103

a n d - a s L n V o n e I N v { O ) D



Definition: (polynomial divisibil ity)

L e t p a l , q l x I E K G ) .

W e s a y t h a t q ( x ) d i v i d e s

pix) i f F r a t E K G ]

w i t h pCx)=q#µ



Proposition: (divisibility properties)

Le t f l x ) , g l x ) , p lx) , 91×1, re x )

b e polynomials i n KC x ) .

1 ) I f p lx) . q ( x ) = I t h e n

p ix) , q ( x )
h a v e degree zero,

i . e . , a r e c o n s t a n t .

2 ) I f p i x ) d i v i d e s qex)

a n d q l x ) d i v i d e s p i x ) ,

then F A E K w i t h

a . q ( x ) = p
( x ) .



3 ) I f qcx ) d i v i d e s p ix)

a n d r e x ) d i v i d e s q l x ) ,

t h e n r c a d i v ides pCx).

4 ) I f q ( x )
d i v i d e s pix)

a n d q u a d iv i des red,

t h e n

q (x ) d i v i d e s

pcxt.fm) t rCx) . g ( x ) .

proof: 1 ) I f p (x).qlx)-l ,
t h e n

n e i t h e r pcx) n o r q ( x ) i s

t h e z e r o polynomial.



I f e i the r pan o r q ( x )

w e r e n o n c o n s t a n t ,
t h e n

O n e o f t h e m wou ld have

positive deg re e ,
a n d hence,

p ( x ) . q ( x )
would h a v e

positive degree. There fo re ,

b o t h p ( x )
a n d q ( x )

a r e

c o n s t a n t .

2 ) Suppose

p ( x ) = f ( x ) q l x ) and

qCx1=gCx) pix) .

T h e n s u b s t i t u t i n g ,



p ( x )
= fix)-gCx)-pix),

a n d s o

0 = f l x ) -g l x ) .pCx) - p w )

O = ( f l x i g l x ) - l ) apex) .

Either p ( x )
i s t h e z e r o polynomial,

i n w h i c h c a s e choosing 9 = 0

w i l l g ive u s a . 9 1 × 7 p ix ) ,
o r

f ( x ) . g l x ) - l = O

⇒ f ( x ) . g ( x ) = I



By t h e previous resul t ,

w e m u s t h a v e t h a t f i x )

a nd g l x ) a r e n o n z e r o

c o n s t a n t polynomials ,

a n d s o i n particular

choosing a = f ( x ) y ie lds

t h e r e s u l t .

3 ) a n d 4 ) maybe l a t e r . . .

D



Definition: (irreducibil ity) A polynomial

pox)Ek[x] i s s a i d t o

b e i r reduc ib le i f p i x )

cannot b e expressed a s t h e

product o f t w o polynomials

w i t h s t r i c t l y positive l o w e r

degrees.



Exampled:(irreducibility o v e r dif ferent fields)

consider p (x )=x2txt l .

Assuming K i s o n e o f Q , IR, o r

¢ , w e c a n u s e t h e quadratic

formula t o o b t a i n t h e z e r o s

o f ①( x ) a s

× = -1¥74
× = -1£94 E E



I f w e could factor p ( x )

o v e r 112 o r Q , then

the factors wou l d h a v e t o

be l i n e a r a n d o f the form

x - t ' ' ¥ ) .
T h i s m e a n s t h a t pcx) i s

i r r e d u c i b l e i n Q Cx] o r 112£],

b u t n o t i r reducible (reducible)

i n E E x ] .



What a b o u t p a l e 2 2 Ex]?

No t e t h a t i f p a l w e r e

reducible, w e could w r i t e

pcxl=qCx)-rex) and

e a c h o f qCx) , rCx) m u s t have

degree o n e . s i n c e the constant

coe f f i c i en t o f ①( x )
i s one ,

w e ' d need

qcx r .mx ) = x t l o r

a x ) = r C x ) = x - l
- X t l

i n 1224 ] .



( X t 1 ) ( x t l )

= X2t{xtl = I t l .

O i n 2267

Therefore , x 2 t x t l i s irreducible

i n 2 , 5 × 1 .

w h a t a b o u t 2367?

Note t h a t

( X t 2 ) ( X t 2 )

= x ' t 4 x t 4

= x ' t x t l ( i n 2363)

= p ( x ) , reducible i n 236] .



Proposition: ( i r reduc ib le decomposition)

Le t pane K a ] .
I f

t h e degree o f ①( x ) i s greater

t h a n O , p ( x ) m a y b e

expressed a s ei ther a

product o f i r reduc ib le

polynomials i n k [ x ] o r

p ( x ) i s i r reduc ib le .

Proof! I n d u c t o n t h e degree o f plx).

I f t h e degree i s o n e , pix)

i s i rreducible. N o w

suppose t h e degree o f p i x )

i s n > I a n d t h a t



a n y polynomial o f sma l l e r

degree factors i n t o irreducibles.

I f pCx) i s
n o t irreducible,

F q I x ) , r e x ) E K G ]

o f smaller degree s u c h t h a t

p a c k q q . r u ) .

B u t t h e n b y i n d u c t i o n ,

E l x ) a n d r u n fa c to r i n t o

irreducibles, s o pcx)

factors i n t o irreducibles.

D



Propositions ( d i v i s i o n ) L e t p a s , 91×1

b e polynomials i n Vc Cx] .

I f the degree o f q l x ) i s

n o t - c s , t h e n F

polynomials f l x ) , r e x )

i n K ( x ) s u c h t h a t

pcxi-qcxi.FI#
a n d t h e degree o f r e x )

i s s m a l l e r t h a n t h e degree

o f q ( x ) .

proof: m o r e o r l e s s j u s t l i n e t h e proof

f o r 1 N .

I



Proposition: ( d i v i s i b i l i t y a n d ro o t s )

L e t pCx) E K G ] a n d l e t

A E K . T h e n I qu ick ly]

s u c h t h a t p l x ) : E l a ( x - a ) t p a ) .

I t fo l lows t h a t p ( a ) s o
i f and

o n l y i f X - a d i v i des p .

proofs B y t h e previous proposition,

F Ecx ) , T x ) w i t h

p i x )
= q ( x ) ( x - a ) t r I x ) .

B u t deg ree o f r l x ) m u s t

b e sma l l e r t h a n t h a t
o f x - a ,

s o r e x ) i s constant. Sett ing

X - a g i v e s rex )=pCa ) I


