
Definition : ( f i e l d ) A r i n g K

i s s a i d t o b e a f i e l d

i f K i s a commutative

r i ng s u c h t h a t e ve r y x e k

w i t h X n o t e q u a l t o

t h e add i t i v e i d e n t i t y i s

a z i t .



Famil iar f i e l d s : t h e r a t i o n a l numbers

Q (inerse o f f i s

§ fo r a t 0) ,
the

r e a l n um b e r s
112 (inverse

o f X i s ¥ fo r Xto)

a n d the complex

n u m b e r s ¢ (inverse

o f Z E E i s ¥ -

b u t t h i s requ i res

complex conjugation
t o

see t h a t ¥ EG!)



Examine ( Z p , p prime)

from yo u r
h o m e w o r k , i f

N E I N , n z 2 ,
t h e n i f M£2,

[m]E 12, i s invertible i f a n d only

i f n and n a r e re l a t i ve l y prime.

I f n = p a prime numbe r ,

t h e n m i s r e l a t i v e l y pr ime

t o p i f a n d o n l y i f p

d o e s n o t d i v ide m . Therefore,

e v e r y n o n z e r o e l e m e n t i n Xp

i s i n ve r t i b l e .



Since t h e mu l t i p l i ca t i on i s

commutative, I p i s a

f i e l d fo r p pr ime.

Special c a s e : p=2



Example-4: ( f i e l d w i t h fou r elements)

start w i t h symbols 0 , 1 , a , a'!

Define binary operations t h a t

m a k e { 0 ,1 , a , a"} i n t o a field!

N o t e : I { o n , alai'3 1=4 w h i c h

i s n o t pr ime. Since

I Zpl = p ,
t h i s field

i s d i f f e r e n t f rom t h e

Xp example .



M a h e tables!

" t "

i f"0 at':±i#÷
a"



" . "

it:i÷±
¥÷a a



We ' d need t o c h e c k :

-
associativity o f " t " and

"

.

"

- d i s t r i b u t i v i t y o f
' ' . ' ' over''t"

T h i s c a n b e d o n e tediously o n

a c a s e - b y - c a s e b a s i s !

S h o w dis t r ibut iv i ty

W e w a n t t o s h o w

X . ( y t z ) = x . y t x . t t

Y k e y , Z E { 0 , 1 , a , a"}



T r i v i a l b y def in i t ion i f

X = 0 o r x = /

W e o n l y n e e d t o chec k

f o r × z a a n d x = a-t.

-

y = 0
o r 2 = 0 i s i mm e d i a t ex = a

s i n c e o n e t e r m o f t h e s u n

i s z e r o .

{all
t ' ) = a o = o

a . I t a - I
= a t a = O

V

a . ( I t a ) = a . a- ' = /
{

a . i t a . a = a t a t . I ✓



{a-(Ita)-a.(a)
= a "

a - I t a . a-
' = a t I = a-

' r

a . ( a t a-
' ) = a . ( 1 ) = a

{a. a t a . a- ' = a-' t i - a -

X i a"
- a-

'

( I t t ) = a-' - 0 = 0

{a-
'-i t a ! I = a-' t i ' s o r

{a:'(Italia'!''-a
a- 'el t i ! a t a-' f l = a ✓



{a-
' (Ita)-a-ta = I

a- ! l t i ! a-' = a-'ta
= I r

{a-'Cati')
= a'! ( i ) : i '

a-! a t a-'ri' = I t a = a-
' r

so dist r ibut iv i ty holds!



No t a t i o n : I f R i s a u n i t a l r i n g ,

t h e n o t a t i o n
R" s t a n d s

fo r a l l u n i t s o f R .

RX i s a group (product

o f invertibles i s i nve r t ib le :

(xy)-'= g- ' y ' )


