
Example-2: ( b a c k t o Z n )

w e know t h a t Zn i s a g roup

u n d e r t h e b i n a r y operation
o f a d d i t i o n ' .

[ a ] t ( b ) = ( a t b ) .

However,
" . " i s a l s o a binary

operation:

[a]-[b) = Ca-b ] .

I s ( I n , - ) a group?

No !



[o) is n e v e r i n ve r t i b l e w i t h

respect t o " r " .

Why i s th i s?

w e l l , i f [ a ) E Z n .

[ o ] - [ a ] = Coto] - [ a ]

= (Coto)- a ]

= [o-a t o - a ]

= [o. a) t [o-a]

= (o)-[a) t (o)-la]



Sub t rac t [ o ) - [a ] f rom both

s i d e s t o g e t

[ o ) - ( a ) = [ o ]

⇒ i n o r d e r for 2 , to b e

a g ro u p unde r multiplication,

[ o ) wou l d h a v e t o b e

t h e multiplicative i d e n t i t y ,

a n d i t i s not! T h e

multiplicative identity i s [ I ] .



wh a t i f w e r e m o v e Co]?

I s Z n , { ( o ) } a g ro up

w i t h respect t o multiplication?

N o t i n general: i t i s a

group precisely w h e n n i s

p r ime .

'HW 3 w i l l t e l l u s h o w

to f i nd i n v e r s e s .



Exampled: (quaternion:c bas i s )

s t a r t w i t h 8 symbols :

{ I , - 1 , i , - i , J , - j ,
K,-43=41

Declare t -x- -x- l -X t xe t t l

a n d ( 1 ) ' X = X - f i ) = - X V - x c . l t

w h e r e - C- 1 1 = 1 , -C- j ) = j ,

- C- i ) = i ,

- l - 4 ) = k .

W e n o w n e e d t o k n o w h o w t o

"mult iply" i ' s , j's, a n d U ' s .



T h e picture:

i
yF

k J

-

i - i t - I
i . j = k

j - j = - I
j - h = i

4 . k = - I
4 . i = j

j - i = - K a . j = - i

i . k = - j



T h e n t h i s m u l t i p l i c a t i o n i s

a b i n a r y operation o n I t f .

T h e ident i ty i s 1 by defini t ion.

For i n v e r s e s ,

C-jcjfts.ci)
= C - l ) ( i )

= I

s im i l a r l y,

( j ) ( j ) : ( 4 ) C-
4 ) = i t i ) - t i l l i f f u s i k

= /



Since (-11.1-1)=1 , e v e r y

e l em e n t i n I t i s invertible.

Associativity i s a t e d i o u s

c h e c k o f t h e pairings ,
wh i ch

w e w i l l n o t d o ! T h e cheap

w a y o u t i s t o represent

I t a s m a t r i c e s w i t h complex

e n t r i e s . T h i s mul t ip l i ca t ion

becomes m a t r i x mu l t ip l i ca t ion ,

a n d t h e n w e c a n u s e associativity

o f m a t r i x mul t ip l i ca t ion .



T h e " I t t " i s fo r Hami l ton ,

the mathematician w h o discovered

these r e l a t i o n s .



O t h e r g roup s :

- ( h i t ) o r ( Q l E o 3 , - )

- (112,t) o r (112163, - )

- M n ( I R ) , t h e n x n m a t r i c e s

w i t h r e a l e n t r i e s , u n d e r

the operation o f component - wise

a d d i t i o n

- G l n l l R ) , t h e n x n invertible

m a t r i c e s w i t h r e a l e n t r i e s ,

u n d e r t h e o p e r a t i o n
o f

M a t r i x mult ip l icat ion



Definition: (group isomorphism)

Le t ( G , , . ) and (Ga, * )

be groups (the s e t s a r e Gi, 62

w i t h assoc i a ted b i n a r y operat ions

"
.

l '
a n d

' ' *
' '

, respectively.)

A group isomorphism i s a

function Cl : 6 , → 62 s u c h

tha t

→ i ) i l i s bi jective

→
2 ) Cl ( g h ) - y ( g ) * ye a )

y g , h EG ,



4 "distributes" o v e r g roup

mu l t i p l i c a t i on . I f s u c h

a Cl e x i s t s ,
w e s a y

6 , a n d 62 a r e isomorphic

a s g r o u p s .



Example-4 : (symmetries a n d 5 3 )

Let 6 , be the symmetries

o f a n equilateral t r i a n g l e

a n d 6 2 b e 53, b o t h

w i t h t h e operation o f

funct ion composition. T h e n

these t w o groups a r e isomorphic!

Define u s 53 → 6 , v i a

C l l ( 1 23 ) ) = 21200

Q((1321) = 22400

Cl ( ( 1 ) (21131)
= d o nothing



6 ((121) = pick a f l i p

a b o u t a n a x i s

o f symmetry

Q((23)) = ?

(23) = ( I 2 ) ( I 2 3 ) , s o

define

@ ((231) = @ ((12))- U ((123))

( I 3 ) = ( I 2 ) ( I 3 2), s o

d e f i n e

@ ( (131) = Cl ((121)6111231)



Q'. How d o w e k n o w of i s injective?

Yo u c a n e i t h e r c h e c k us ing

w h e r e y o u s e n t ( 1 2 ) under 4

-OC -

u s e t h e f a c t t h a t

611121) i s i n ve r t i b l e ,

s o i f

@ ( ( 1 3 ) ) = @ ((23)) , t h e n

Clal2)) 6413211 =
611121611123))

mu l t i p l y b o t h s i d e s o n t h e

l e f t b y ce l l 121) =
@61215!



We g e t

Ryu, = @((132)) = 61923)
= D

1200

N o t equal!

Do t h i s f o r a l l r e l e v a n t

pairings (there aren't many).

Distribution o v e r products

i s a t e d i o u s e lement-by-e lement

c h e c k .



Q : I s S y i s o m o r p h i c t o t h e

group o f symmetries o f

t h e square?

A : No ! 1 54 1 =4 ! - 2 4 ,

but the n u m b e r o f symmetries

o f t h e s q u a r e i s 8 , s o

n o bi ject ion b e t w e e n t h e s e

s e t s c a n e x i s t .



Further Q : (dodecagon) I s s y

isomorphic t o t h e symmetries

o f a r e g u l a r dodecagon

(12-sided figure)? You

c a n ca l cu l a te t h a t t h e r e

a r e exa c t l y 2 4 symmetries!

A : T h i n k a b o u t i t !



lemma: (invertible e l emen t s i n Zn )

I n 2 , w i t h multiplication,

[ m ) i s invertible i f a n d

o n l y i f god ( m i n ) = / ,


