
Groups

(section 1.10)

Examples s o f a r : symmetries o f

polygons / polyhedra,

permutations, 2

(under addition), and

I n (under addition)

a r e a l l examples o f

groups .



Definition'. (group) A group i s a

s e t 6 endowed w i t h a

binary operation
closed ←

# 6 × 6 → G s u c h t ha tu nde r
" . "

1 )
" . ' ' i s assoc i a t i ve .

2 ) F a n element E E G , called

t h e i d e n t i t y , s u c h t h a t

f GE G ,

e . g = g . e = g .

3 ) F GE G , F h E G , called

t h e i n v e r s e o f g , s u c h t h a t

g . h - h - g
- e



Examplely: ( G G ( I R ) ) Denote

b y 6 L , ( I R ) ,
t h e general

l i n e a r g roup o f 2 × 2

m a t r i c e s w i t h r e a l e n t r i e s ,

s u c h t h a t a 2× 2 m a t r i x

A i s i n G t a ( I R ) when

A-'exists. S o ,

6121112)={A 2×2 m a t r i c e s I A-'exists}

T h e n w e w i l l s h o w 6 L , ( IR)

i s a group!



Associativity: t h e product".'' o n

61211121 i s ordinary

ma t r i x multiplication.

Matrixmultiplication
j u s t funct ion composition

Oftheassociatedlinear

transactions
and function composition

i s a s s o c i a t i v e .



identity T h e identity o f 6121112)

under"." i s t h e

ident i ty m a t r i x

[ 'o 9 ) .

Check'. L e t [ { bd) C- 6121112).

T h e n

[1911%1--11]
[ { f ) [ 'oo,]:[{d)

r



I n ve r ses We k n o w t h a t i f A=[{&]
i s i n v e r t i b l e ,

t h e n

d e t ( A ) = a d - b e f- O .

Iclaimthath
A":#Eti']
i s t h e i n ve r s e o f A .

Cheon :
a . A- '= [a,

bdjaat.s.FI I ] )

:÷.ci:X:'t
=a£, [adob

e

abhosa

c d t d c

ad-be]



=a£ (ad-be o

o

ad-
be]

= [ 'oo.) r

Now check A-
'

. A ' .

A''A'-Had.fi i'll::3)
ad - b e

bd£d

=
a¥bc lactic ad-be)

= a£, [ad-be
O

O

ad-be]

= [ 'o 9) ✓



Then 6121112) i s a group!

N o t s o fast!

We need t o check t h a t
" o " i s

a b i na r y operation. T h i s m e a n s :

i f A , B E 6121112), i s

A . B E 6121421?

Since A E 6411127, A" e x i s t s .

S imi lar ly, B E 6121112), s o
B-'exists.

W e k n o w A -
'

,
B-'E 6121112).

We n e e d t o s h o w t h a t A B i s

i n v e r t i b l e .



C l a i m :
(AB)-'e B"-A"

Chech : f t . B ) (B'!A")

= A - (B. D'') A-
' (associativity)

= A - [ 'oo,] A"

= A-A"

= [ 'o:]



(B"-A-1) ( A B )

=
B'-' (A-' A ) . Blassociativityagain)

= B". [ 'o?]- B

= B''. B

= [ 'oo,) ✓

N o w w e k n o w 641112) i s a group!


