
Definition: ( o r d e r o f a group)

T h e o r d e r of a g r o u p 6 i s s i m p l y

t h e cardinality o f 6 w h e n G i s f in i te .

w h e n G i s i n f i n i t e , w e u s u a l l y

m a k e n o d i s t i nc t i on b e twe e n cardinalities

a n d r e f e r t o a l l s u c h groups
a s in f in i te

o r d e r .



Def in i t ion'. ( abe l i an group) I f G
-

i s a group w i t h operation

" . " a n d
" . " i s

commutative,
i . e . ,

x - y = y - X f y,xEG,

w e s a y 6 i s a n a b e l i a n

group (after t h e mathemat ic ian

N i e l s Abel) .



Proposition : (groups o f o r d e r less t h a n 7 )

Up t o isomorphism ,
the re

i s 1 a r e

1 ) O n e group o f o r d e r l .

2 ) O n e group
o f orde r 2 .

3 ) O n e group
o f order 3 .

4 ) T w o groups
o f o r d e r 4

( b o t h abelian)

5 ) O n e group
o f order 5

.

6 ) Tw o groups o f order 6 ,

On l y o n e o f w h i c h
i s

a b e l i a n -



proof: 1 ) Suppose 6 , I t a r e t w o

groups, 161=1 H I = I .

T h e n 6=1%3 ,
He l e n }

a n d a : b → H ,

@ ( e a t e n i s

a n i somorph i sm .

( Cg i identity o f G ,

C y
= ident i ty o f I t ,

mus t e x i s t i n a n y
group)



2 ) Suppose 1 6 1 = 2 . T h e n

G - {eco, X } .
I f " . "

denotes the b i n a r y operat ion,

t h e n e i t h e r

x . x
- c o o r

X - x = X
.

But i f x . x : X ,
t h e n

b y c a n c e l l a t i o n ,

x . x = X ' e G , s o

× = e o ⇒ 1 6 1 = 1 ,

contradict ion



Therefore, X x = @G .

Def ine

4 : 2 2 → 6

Q l d ) - eco

a n n e x .

T h e n 4 i s a n isomorphism.

(check)

3) suppose 1 6 1 = 3 .

T h e n G : { e o , x , y } .

Cons ider x - y .



I f x . y = y o r x . y = X ,

t h e n b y cance l l a t i o n , w e h a ve

X = eco o r y = e G , respectively,

c o n t r a d i c t i o n .

There fo re , X . y = E g ,
and

s o y = X' '.

T h e n w e m u s t h a v e

x . x = y s i nce

i f x . x
= X

,
then b y

cancellation, X = EG and

i f X i x = CG ,
t h e n

X : X " : g .
B o t h a r e

contradict ions
.



s i m i l a r l y , y - y = × .

Define 6 :23 → G

C l l C o ) ) : c o

6 ( [ I T ) = x

6C [ 2 7 1 i y e - x " .

T h e n I i s a n isomorphism

(Chech)

No t e t h a t i f instead ,
w e

h a d @ ( a s ) = y , o f Cas)=X,

t h i s i s s t i l l a n

isomorphism!



4 ) T h e groups a r e 24 and

122×22 w i t h the group

s t r u c t u r e

( ( x ] , Cy])-(Cz), Cw])- (Exz], Gw])

5 ) Ig i s t h e o n l y group o f o r d e r 5 .

6 ) 26 and 53 a r e t h e on l y groups

o f o r d e r 6 .

D


