
Homomorphisms a n d Isomorphism

(Sec t i on 2 . 4 1

Recall:(isomorphisms) I f G a n d H a r e

groups , e : G → I t i s a n

isomorphism i f e i s bijective

and

@ ( x . g ) = p Cx)-
a g )

h t x , y c- 6 .

U p t o isomorphism, w e classified

a l l c yc l i c groups a s isomorphic t o

e i t h e r 2 o r I n ( NE IN , n?2)

o r { e } .



Cyclic groups a r e determined b y

a s i n g l e generator. f i n i te

d ihedra l g roups a r e determined by

t w o
"generators" R , J .

W e s a y a s u b s e t S o f a

group 6 generates
6 i f

( s ) = G .

Problem'. C lass i fy a l l groups, up t o

isomorphism, us i ng
generators

.

C a n w e e v e n d o t h i s f o r

groups
w i t h 2 generators?

A m o r e general n o t i o n

t h a n isomorphism
w i l l

b e helpful!



Definition (homomorphism) L e t G a n d H

b e groups.
W e s a y e : b → I t

i s a (group) homomorphism

i f

6 C x y # i µ
i t x . y e G .



Exampled ( 1 2 t o 122)

De f i n e y ' . Z → 2 2 by

@( n ) = ( n ) , .

T h e n s i n c e w e k n o w

G ) t [m] = [ n tn ] f n,mE2

a n d f o r a n y
modulus,

@ (h tm) : [h tm] ,

= ( n ) , t [m]2

= celn) t e e n )

s o I i s a
homomorphism!



Howeve r , s i n c e 2 2 h a s

finite cardinal i ty b u t 2

does n o t , e i s n o t a n

isomorphism.



Examplet: (determinants)

D e f i n e

Cl : G t a ( IR) →
lR× (units

o f I R

=
1121801)

@( A ) = d e t t a ) .

T h e n s i n c e w e k n o w

d e t ( A - B ) = detCA) -detCB),

C l l A . B ) i de ta i l s )

= d e f ( A ) . detCB)

= @( A ) . @ ( B )

s o C l i s a
humorphism!



Howeve r, I i s n o t a n

isomorphism. Cl i s surjective

( i f xElR×, d e t [89]=x)

b u t n o t in ject ive , s i n c e

2=e([89])ie([ 'o:])

b u t [ 89 ] t [ 'of.]



Examine : ( i d en t i t y a n d t r i v i a l

homomorphisms)

I f 6 i s a n y g ro u p ,

6 admits t w o homomorphism,

from G t o i t s e l f .

1 ) I d e n t i t y homomorphism:

6 1 × 1 = 4 i t x E G

2 ) T r i v i a l
homomorphism:

6 1 × 1 - e f x E G

He re , i t x , y E G ,

cecxl.eu): e .
e-e-ce lery) .



Definit ion: (endomorphism,
automorphism)

-

L e t 6 be a n y group. A n

endomorphism i s a homomorphism

f r om 6 t o i t s e l f . A n

automorphism i s a bijective

endomorphism (an isomorphism

f r o m 6 t o i t s e l f ) .

I f e v e r y
nont r iv ia l endomorphism

o f 6 i s a n automorphism,

w e s a y t h a t G i s s imp l e .


