
De f i n i t i o n ' . ( i n d e x ) Let 6 be a g r o u p ,
-

I t 1 6 . T h e n t h e i n d e x

o f I t i n 6 , denoted

[G: H ] ,

i s t h e n u m b e r

(cardinality) o f l e f t cose ts

o f I t i n G . N o t e

by Lagrange's T h e o r e m ,
i f

1 6 1 L o s , t h e n

I t =
161

T i l
i



Ma r g r e t H o f t F in i te I n d e x Picture

Suppose I t E G and

[ G : H ] L o s . T h e n

w e c a n d r a w :

i
€÷¥
÷.

where [ G ; H ) : n t l



a l l pieces o f pie (ie. t h e

l e f t cosets) a r e o f t h e s a m e

s i z e a n d d o n o t i n t e r s e c t .

n ' - I ①
a

x . H I t

n = 2 ÷:&:
e t c .
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Corollary: (groups w i t h p r ime order) suppose
-

161 = p
whe re p i s a

prime.
T h e n 6 has n o proper

n o n t r i v i a l subgroups.

proof: from Lagrange's Theo rem , i f

H E 6 , 1 H I divides

161. B u t 161 = p ,
s o

t he on ly possibilities fo r (H)

a r e 141=1 (H=Ee3)

o r 1 H I : p ( 4 = 6 )

D



Corol lary: ( o rde r o f a n e l e m e n t ) L e t G
-

be a g roup, 161 L o s . T h e n

i f x E G , 01× 1 I 161 .

proof: Reca l l t h a t w e defined o ( x )

t o be / ( x > / . B y Lagrange's

Theo rem ,

O c x ) = / L x > / d i v i d e s

1 6 1 .

A



Proposition: (mul t ip l ic i ty o f t h e i ndex )

Le t 6 be a group, H E G,

K E H . T h e n

[G:k7=[GH)-ft:b]

proof'. Count cosets, w i t h t h e obv i o u s

interpretations i f a n y o f these

quantities i s i n f i n i t e .

D



Def in i t ion : ( c e n t e r o f a group) Let G
-

be a g r o u p . We define the

c e n t e r o f 6 , denoted by 2-(G),

t o be

ZCG)={sE6lxy=yxVyEµ]

i . e . a l l e l emen t s o f 6 t h a t

commute w i t h e v e r y e lement o f G .

N o t e t h a t 2-( G ) i s a lways abe l i an

a n d normal .



Preposition'. (index-two subgroups)

L e t 6 be a g r o u p ,

H E G , [ G : H]=2 .

T h e n H O G .

proof'. H w 6 !


