
Proposition:(one-step subgroup tes t )

Let 6 be a group
w i t h

operation".". L e t H E G

b e nonempty. T h e n I t i s

a subgroup o f 6 i f and

o n l y i fx.gs#Yxi-EH.

proof'. ⇒ suppose It i s a subgroup.

T h e n i f Y EH , g-' EH

a n d i f × , 2-E H , X . Z E H .

s e t t i n g z = g-
'

,

x . y - ' EH .



⇐ U s e t h e subgroup t e s t .

S i n c e x . g- ' E H H X ,yEH ,

s e t t i n g y = X gives u s

t h a t e - x-x- ' EH ,

s i nce e E H , j's e . g-'EH .

But g- ' E H ⇒

x .
(y'')-'EH

w

x . y

T h e n i t × , y E H , w e have

x . Y E H a n d 5't H .



Therefore, I t i s a subg roup

by t h e subgroup t e s t .

D



Proposition: ( in te rsec t ion o f subgroups)

Le t 6 be a g roup
w i t h

operation".
' '

.
Let I

b e a n i n d e x s e t (o f a n y

cardinality, b u t n o t empty) .

Y D E I , l e t Ho b e

a subgroup
o f G . T h e n

H - h Ha E G .
D E I

proof: Observe I t i s nonempty s i nce

@ EH , F n e I ,
s o

E E H = A H o .
L E I



Let's u s e t he o n e - step subgroup

tes t : t a k e × , y e H .

s i n c e H o t G t a E I
,

w e k n o w X-y'' E H r .

Therefore, x . g-'C-↳He = I t .

So by t h e o n e - step subgroup

tes t , I t i s a subgroup.

D



N o t e : ( u n i on s ) suppose H , K E G .

T h e n H u l l i s a subgroup

o f 6 i f a n d on l y i f

H E K o r K E I t .



Notation: (subgroup generated b y subset)

Le t 6 b e a group and

l e t 5 b e a nonempty

s u b s e t o f G . W e

define t h e subgroup generated

by 5 t o b e

mos E l t

I t 1 6

(intersect a l l subgroups o f 6 t h a t

con ta in s )



S ince S E 6, t h i s in tersect ion

i s o v e r a nonempty col lect ion.

N o t a t i o n for t h e subgroup generated

b y S i s ( 5 ) .

You c a n check t h a t ( s ) i s

t h e sma l l e s t subg roup o f 6

containing s .



Proposition'. (subgroup generated b y a n element)

Let 6 be a group w i t h

operation".
' '

.

L e t X E G .

T h e n

Lx7={xnln¥3
whe r e

xn=×÷÷÷×
i f N E I N ,

XO = e b y convention, and

X-ne en)-' .



proof'. W e m u s t s h ow t h a t

{ x " I n e 2 ) i s a

subgroup f i r s t :

s i n c e x ° = e E { x " I n t 23,

o u r s e t i s nonempty.

T o s e e t h i s i s a subgroup,

u s e t h e l - s t e p subgroup

t e s t . L e t n , m E 2 .

Wi thou t loss o f generality,

suppose n 2 M .



Cases: 1) m > 0 . T h e n
-

× ? Xm = ×
h t m ✓

2 ) f i t .

T h e n x " ex" = x " (mo)

o r xn. im: Xm ( n o ) ✓

3 ) 1 0 .

T h e n

× ? xm= (x-ni! (in)".

Bu t a l s o ,
Rtm)-'= ×-(htm)

/

s o



×-n-m
=
×-n.×-m

implies t h a t

×-n-n.@n.x')

= x " - " (xm.si)

= x " x-men. xn)

= i n ( x-n i l i n
=

= x-n.× '

= e



⇒ i n . × ?
(x-n-n)-'= ×ntm✓

4 ) n > O , M L 0

T h e n

× ? Xm =xntm-
m.xm-
fxntm.fm). ×m(n> m ,

m L O ,

S o h t m > O

- m s o
I

=
xhtml i n . ×m)

= ya
t m

T

✓

Therefore, { x " I n e 23 E G ,



since ( x ) i s t he smal lest

subgroup o f 6 conta in ing × ,

L x > E { I I n e 2 3 .

B u t E E ( x ) a n d

× " C-L x ) H n E I N

s i n c e 2 × 7 i s a s u b g r o u p .

T h e n x " =@" I 'ELD

i t n e w ⇒ { x " Inez)ELx7.

We h a v e conta inment b o t h w a y s ,
s o

h i s : { x ' I n e 2 3 . I



Definition: (cyclic g roup, generators)

A group 6 i s said t o

b e c y c l i c i f I X E G

w i t h 6=1×7. I f

yEG and Cy> = G , w e

s a y t h a t y i s a generator

o f G .



Ex-ampley: ( 2 , Z n )

consider ( 2 , t ) .

T h e n I = ( I ) s i n c e i f

n E I N , n i I t l H t . . . t l
.

r n
n t i m e s

furthermore, i f NE IN ,

I n : ( [ I T ) ,
b y

the s a m e argument.

Up t o isomorphism, these

a r e t h e o n l y cycl ic groups!



Definition: ( o r d e r o f a n element , notation)

L e t 6 be a g r o u p , X E G .

W e d e f i n e t h e o r d e r o f X

t o b e / L x > l .

N o t a t i o n : O ( x ) fo r t h e

o r d e r o f X .



Proposition: (characterization o f order)

I f G i s a g roup and XEG ,

t h en o ( x ) i s t h e smal lest

N E I N s u c h t h a t ×^=e.

proof: I f h e 1 N i s the sm a l l e s t

n a t u r a l n u m b e r
w i t h ×^=e ,

t h e n x ' t ' s ×? x = e . x = x .

s i m i l a r l y , fo r a n y positive

power o f X ,

Xm = x 'm .



Observe a l s o t h a t ( n 2 2 )

e = X" = x ' " -x

⇒ x"" = x'' by uniqueness

o f t h e i n v e r s e .

T h e r e f o r e ,

( x ) = { e , x , x's.-,x""}

⇒ o ( x ) : n .

O t h e r direction n e x t t ime !


