
Propo-sition'. (ke rne ls a r e n o r m a l ) L e t

G , H be groups and

Y : G → I t a homomorphism.

T h e n h e r ( 6 ) O G
.

proof: w e already k n o w Ke r l e ) f G .

w e n e e d t o s h o w

× (Kernes) x- '= K e r l e )

h t x E G .

Ta k e y e K e r l e ) , c o n s i d e r

×-y-X-t fo r × E G .



T h e n

c l lx .y.s i ' )

= @(x).cl/y).clCx-')-
=cecxl.ecyi6lxl''

= @( x ) . e , -4×5' s i n c e

w general)

= @(x).@1×5'

= e h

= ) xyx'' E k e r l e )

Y X E G , yekerlll).



S o w e h a v e

xkerle)x'' E k e r l e ) .

W e w a n t t o s h o w

K e r l e ) E x k e r l e ) x ' t .

L e t yEke r l e ) . T h e n

y=lx÷I't-skies"

= x . (x''. y-x ) -x ' ' .

from t h e f i r s t d i r e c t i o n , s i n c e

yEker le ) ,



×''. y - X E k e r n e l .

Se t K = x"-g- x .

T h e n

y = x b x" E x ke r l e ) x-t

⇒ K e r l i e ) E x k e r l e ) x ' ' .

Therefore, w e
h a v e t h e desired

equa l i ty k e r l e ) - x ke r l e )
x-t

f X E G , and s o

ke r n e l O G .

D



Remark: T h e c o n v e r s e o f t h e previous

proposition i s a l s o true!

N a m e l y , H O 6 i f

a n d on l y i f I a g roup

Vs and a
homomorphism

Q : G → K w i t h A - Kercy).

B u t t h e converse requires

m o r e m a c h i n e r y t o prove.. .



Ca u t i o n : I f H E 6 and

× H E ' = X
fo r s o m e

X E G , i t does N O T

follow t h a t xyx''=y

f o r a l l y E I t .

Example: 6=53, H= ((123)) .

T h e n i n f a c t ,

H O G , s o

XHx- 'Ex H x E G .

B u t i f X = ( 1 2 ) ,



( I d ) ( 1 23 )
(125"

= ( ( 2 ) (1231112)

= (132) F (123)

Nevertheless, 1 132 )E I t
,
s ince

( 1 3 2 ) :
(1235'.



Back t o Symmetric Groups

Recall : (Sn a n d c y c l e
notation)

5 n s a l l bijections o n a n n-e l emen t

s e t , w i t h
t h e group operation

o f function composition .

W e u s e c y c l e no ta t i o n t o

desc r i b e e l e m e n t s o f S n ,
where

( x , x ,
-

a
- X u ) represents

a c yc l e f o r K E N and

{ X i , X s , - - ,xa3 dis t inc t elements

o f t h e n - e l e m e n t s e t
-



-

( transposition decomposition) L e t[emma'.

NE IN ,nz2 .
T h e n e v e r y O E S ,

c a n b e expressed a s a

product o f transpositions,

w h e r e a transposition i s

a c yc l e o f length 2 :

( x , X s ) ,
w i t h

X , , X s E {1,2 , . . . , n } ,

X , # X s

proof'. Reca l l t h a t e v e r y O E Sn

i s t h e product o f disjoint

c y c l e s .



Therefore, i t s u f f i c e s t o prove

t h e r e s u l t w h e n 0 i s a

c yc l e .

f i x m e I N . W e w i l l i n d u c t

o n t h e length o f the

cycle 0 . L e t k b e t h e

length o f a c y c l e i n Sn, n e d .

¥ 1 0 : identity

0 = 1 1 2 ) ( 1 2 ) = identity

i s a product o f
transpositions.



4=2 0 i t s e l f i s a transposition!

4 ¥ D = (X, X 2×3)

✓ = ( x , x 2 ) (X2×3)
✓

4=1 o r = ( x , x 2×3×4)

o r ( 4 × 2 ) (112×3×4) -
i n

b y t h e 4 = 3

c a s e , (42×3×4)

i s a product o f

transpositions.



General-k Suppose w e know t h a t

f o r a n y c yc l e o f length

k - 1 f o r K E I N , 625,

t h e cycle m a y b e
expressed

a s a product o f transpositions.

T h e n l e t

f - ( x , x ,
-

- ' X u ) be

a cyc l e o f length k i n S n ,

0=(41×2) 1×2×3.-- Xu)
V

~

l e ng t h K - f

c y c l e



B y i n d u c t i o n ,

( 4 2×3 ' ' ' X k ) c a n b e

expressed a s a product

o f transpositions, and

s o 0 = ( 4 × 2 ) (424g'- Xu)

c a n a l s o be expressed a s a

product o f transpositions.

Note'. (41×2×3.
- X u )

= (x,xn(xsX3) 1×3×4)
- - - (Xue,Xu )

D



Def in i t ion : (sign o n S n , notation) I f
-

OESn , define t h e s i g n

o f 0 ,
denoted by { ( o ) ,

to be

{(O
):{

" " ° " " " " ' " " " " ' " '
" ° " "

o f a n e v e n n u m b e r o f

transpositions

- I , O c a n b e expressed a s a

product o f a n odd n umbe r

o f transpositions



Observe t h a t , unde r multiplication ,

{ I , - 1 3 Is isomorphic t o 122.

I f { ( o ) = I
,

w e s a y 0 i s

e v e n .
I f E c o ) = - l , w e say 0

i s o d d .

{ i s a
homomorphism s i n c e t

o , T E S n
,
i f

1 ) O and T a r e b o t h e v e n
,

t h en O T c a n b e expressed a s

a product o f a n e v e n n um b e r

o f t ransposit ions, s o



I = { ( o z ) = Econ -Eu ) - l- I

2 ) O a n d T a r e b o t h odd,

t h e n O T c a n b e
expressed

a s a product o f a n e v e n

n u m b e r o f transpositions,

s o

I : { ( o z ) = Eco) E l ek t i t t i )

3 ) o n e of O o r T i s e v e n

a n d the o t h e r i s odd, t h e n

O t c a n be expressed a s

a product o f a n
odd

numbe r o f t ransposit ions, s o



- I : { ( O T ) : { ( o ) E l a = L .


