
Proposition: ( i r reduc ib le decomposition)

Le t pane K a ] .
I f

t h e degree o f ①( x ) i s greater

t h a n O , p ( x ) m a y b e

expressed a s ei ther a

product o f i r reduc ib le

polynomials i n k [ x ] o r

p ( x ) i s i r reduc ib le .

Proof! I n d u c t o n t h e degree o f plx).

I f t h e degree i s o n e , pix)

i s i rreducible. N o w

suppose t h e degree o f p i x )

i s n > I a n d t h a t



a n y polynomial o f sma l l e r

degree factors i n t o irreducibles.

I f pCx) i s
n o t irreducible,

F q I x ) , r e x ) E K G ]

o f smaller degree s u c h t h a t

p a c k q q . r u ) .

B u t t h e n b y i n d u c t i o n ,

E l x ) a n d r u n fa c to r i n t o

irreducibles, s o pcx)

factors i n t o irreducibles.
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Proposition: ( i n f i n i t ude o f i r reduc ib les )

fo r a n y f i e l d K
,
the re

a r e i n f i n i t e l y m a n y m o n i c

irreducible polynomials i n K [ x ] .

proof'. I f K i s i n f i n i te , t h e n

X - a E K ( x ] i s irreducible

¥ a E K . S ince K i s i n f i n i te ,

t h e r e a r e i n f i n i t e l y m a n y s u c h

polynomials.

I f K i s f inite
,
t h e

proof proceeds exa c t l y
l i k e

t h e proof t h a t t h e r e a r e

i n f i n i t e l y m a n y prime n u m b e r s .



Using con t r a d i c t i o n , suppose

F n irreducible m o n i c

polynomials

P, L x ) , P a l m , . . . , Pnlx) E K G ] .

L e t qlxt.fi?lx5Palxt...'Pnlx))tl

whe re " t " i s t h e multiplicative

i d e n t i t y o f K .
T h e n w e would

l i k e t o s a y
t h a t t h e rema i n d e r

upon d iv i s ion
o f q ( x ) b y

Pdx), P d x ) , . . . ,
Pnlx) i s 1

.

Since w e k n o w a n y polynomial

i s a product o f i r r e d u c i b l e s ,



t h i s m e a n s e i t h e r

1 ) q ( x ) i s i r reducible and non ic ,

the degree o f q ( x )
i s t h e

s u n o f t h e degrees o f

p , I x ) , Pa l i ) ,
i

-

i , pal-11 ,

and s o t h e degree o f qCx1

i s s t r i c t l y larger t h a t t h a t

o f p i l x ) h t 1 4 i t n .

I n particular, q u i t
P i l x )

f l t i t n , contradiction.



2 ) F a n
i r r e duc i b l e polynomial

Pnt , ( x ) E K G ) s u c h t h a t

qlxkpnt.lk)-rail w i t h

[ ( x ) E K G ] . By mult ip ly ing

by t h e i n v e r s e o f t h e constant

coefficient o f t h e leading t e r m

o f Pnt, ( x ) , w e c a n t a k e

Pat , ( x )
t o b e n o n i c . S ince

n o n e o f p , ( x ) , Pd x ) ,
- - - , Patel

a r e factors o f q ( x ) ,
w e get

t h a t port , 1×14 Pick)
f l e i e n ,

contradict ion.



Therefore, F inf in i te ly ma n y monic

irreducible polynomials i n K G I

i f I K I L o s . (modulo

divisibility results)
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Propositions ( d i v i s i o n ) L e t p a s , 91×1

b e polynomials i n U C F

I f the degree o f qCx) i s

n o t - c s , t h e n F

polynomials f l x ) , r l x )

i n K ( x ) s u c h t h a t

pcxi-qcxi.FI#
a n d t h e degree o f r e x )

i s s m a l l e r t h a n t h e degree

o f q ( x ) .

Proof: I f the degree o f 91×1 i s greater

t h a n t h e degree o f p i x ) , s e t

f c x . T O , r e ) = p ( x ) .



I f t h e degree o f q l d i s less

t h a n o r equal t o t h a t o f p ( x ) ,

w e i nduc t o n t h e degree o f p i x ) .

degree O ' . T h e n pcx) i s a cons tan t

polynomial pCxl= a where

a t 0 . S i n ce w e a s s u m e

t h e degree o f q l x )
i s n o t i t ,

O u r degree assumption
regarding

pcx) a n d q l d
forces q(xl=b

whe re b t o . B u t k i s

a f i e l d , s o w e c a n t a k e

r ( x ) : O a n d f l a t 5 ! a .

T h e n qlx)-fix)= b . (5'-a)
= 9=101×3.

b y associat iv i ty .



Now suppose t h a t

degree = D fo r s o m e n e w .

^

T h e n p u t { a i x
i #

fo r ao, a , , . . . , a n
E l k

,
a n t 0 .

We k n o w m

q u i t [ b i x
c #

fo r b o , b i , - - ,
bmEK, bmt0

M E n . (degree assumption)



L e t ew=an5m'f?µ

T h e n

l ( x ) . q e x t

m

= { a n bin' bixmx'
E - O

= a n binbm X"

t [ "anboi' b i ×n-mti
E - o

m - l

= a n X" t [ a n boi'
b i
×n-mti

i t 0



T h e n

pcxsu@lxs.qcx,)= s i x )

where t h e degree o f s e x t i s

s t r i c t l y l e s s t h a n the degree o f

poet since p u s and U x ) - q l x )

h a v e t h e s a m e leading t e r m .

We apply o u r inductive hypothesis

t o s l x ) t o o b t a i n g ( x ) , THERE]

su c h t h a t

scx t-qcxs .ge) t r a i l

w h e r e the degree o f r u t i s

sma l l e r t h a n t h a t o f q l x ) .



B u t s i n c e

Pcx)
- U x ) . q ( x ) = x x )

= qq.gcxjt.mx),

w e get t h a t

pcxr-qlxigcxltllxl-
qcxstrlxlpcxyt.ECx)-(g ( x ) t h x ) )

t r ( x )

i n

f l x )

s e t t i n g f l y = g ( x ) f l e x ) , w e

h a v e t h e r e s u l t .

O



Comments o n u n i q u e n e s s o f t h e

previous
r e s u l t s

suppose p i x ) , q l x l
a r e a s g i v e n

i n t h e statement a n d suppose F

f , ( x ) , fo l k ) , r i l x ) , 1 2 1 4
E K [ x )

w i t h t h e degree o f r i c e ) , 121×1 less

t h a n t h e degree o f q l x ) s u c h that

pcxt-qcxlf.li) t r i ( x )

p ( x )
= qu i t fa lx) t b

( x ) .

T h e n s ub t r a c t i n g ,



D = qCx)f, C n t r , ( x ) -(Elk)f-
( x ) tracx))

0 = q ( x ) (fix)-falx)) t (rich-rah)
~

-

- ,

degree
degree 2 0

Either

1 ) f , ( x ) = fry( x ) , i n w h i c h

c a s e r , (x)=r2(x)

- o r
-

2 ) f , ( x ) F f s ( x ) .

Wi thout l o s s o f generality,

a s s u m e t h a t t h e degree o f f , I x )

i s greater t h a n o r equal t o t h a t

o f fog( x ) .



I f t h e degree o f f , l a - f a l x )

i s positive ,
t h e n t h e

degree o f @( x ) . (fix)-fax))

i s greater t h a n t h e degree

o f qCx) . S i n c e w e

assumed t h e degrees o f r , ( x ) , I a k )

w e r e s t r i c t l y sma l l e r t h a n t h e

degree o f q ( x ) ,

O f qcxyff.CH-fax))
t (rd#ram)

-

✓ degree sma l l e r

degree la rge r t h a n t h a n qlx/
q u i t

T h i s contradicts t h e fac t t h a t

0=961-(f. l a - f a m ) t
(rid)-rally)



Now suppose t h a t t h e

degree o f f , ( x ) - f z l x ) i s

z e r o .
T h e n f . ( x ) - f- ( x ) = a

fo r a E k , a t O -

Multiplying b o t h s i d e s o f

O=qCx). (file)-tala)
+ Crixtracx)

b y a-
'

,
w e g e t

O = E l x ) f a-
' (rich-raki)

~

s t r i c t l y sma l l e r

degree t h a n q ( x )

T h i s s u n c anno t b e z e r o .



W e conclude t h a t

f i l e )= f2 (x ) , r,(xl=r2Cx).


