
Definition: ( o r d e r ) T h e o r d e r o f a

c y c l e f i n S , i s t h e

cardinality o f the T ,

block, i . e . , t h e cardinality

o f t h e s e t o f a l l M E {1,2,-. , n}

s u c h t h a t f ( m ) # m .

I f g i s t h e product ( i . e .

composition) o f t w o disjoint

c y c l e s , g = g , o g ,
w h e r e

g , a n d 9 2 a r e disjoint cycles,

w e de f i n e t h e o r d e r o f g

t o be t h e least c o m m o n multiple

( lcm) o f t h e orders o f g , and g a .



Examples: (orders) I f f i s t h e

cyc le g i ven b y ( I 2 6 8),

t h e n t h e o r d e r o f f i s

4 . I f g i s t he

permutation g iven by

g = ( 2 3
5 ) ( 4 9)

,

t he o r d e r o f g i s

3 . 2 = 6 .

Bu t i f

h e ( 1 2 3 5 ) ( 4 9 ) ,



the o r d e r o f h i s 4

since t h e l c m of 4 and

2 i s 4 .



theorem: (d i s j o i n t cycle decomposition)

Le t f E s n . T h e n F disjoint

c y c l e s f . , -12 , . . . , fon for M E I N

S u c h t h a t

fifiof.fm#
proof'. W e proceed b y i nduc t i on o n n .

For n = l o r n = 2 , t h e

r e s u l t i s t r i v i a l , regarding

(m) a s a cycle o f o r d e r /

f o r M E { 1 , 2 , - - , n } .



I n Ss, fo r examp l e ,

e : ( l ) ( 2 1 ( 3 )

T o e s t a b l i s h t h e r e s u l t i n 53,

w e h a v e 6 permutations :

( 1 2 3 1 ( c y c l e )

( 1 3 2 ) (cyc le )

( ( 2 ) = (12113) (cyc le )

( 1 3 ) - (137121 (cycle)

( 2 3 ) = (23) ( l ) (cycle)



I n Sa , w e f inal ly s e e something

t h a t i s n e i t h e r a cycle n o r

t h e i d e n t i t y :

( l 2 ) ( 3 4 ) → product o f 2

disjoint cycles

o f o r d e r 2 .

( I 3 ) ( 2 4 )

( I U ) (23)

a r e a l l e l e m e n t s t h a t a r e

products o f 2 dis jo in t cycles

o f o r d e r 2 .



Suppose t h e r e s u l t i s t r u e f o r

5 , f o r K E N . Prove t h e r e s u l t

f o r s h t , . T a k e f t S a i .

I f f i s a cycle, t h e n w e a r e

d o n e . I f f i s n o t a cyc le ,

c o n s i d e r successive powers

f ' l ' ( n t l ) . I f f Cnti l int l ,

T h e n f )
g , , , , , , , , ,

(notation m e a n s

" f restricted t o t h e d o m a i n
{1,2,.-.,n))

de f i n e s a permutation g E s n .



By i n d u c t i o n , g i s t h e

product o f dis jo int cyc les ,

a n d since f = g ( n t l ) ,

f i s a l s o a product o f

d i s j o i n t cyc les .

N o w suppose
f-( h t t ) F n t l .

T h e n s i n c e f i s n o t a

c y c l e , F L E I N , I L L L n t l ,

w i t h f-
( e )
( h t t ) = n t s .

L e t t be t h e m i n i m a l power

o f f w i t h fl"(anti)= h t t .



L e t { x , , x a , . . . , X t } denote

the powers o f
f applied t o ht t ,

s o X i = f-
" '

( n t l ) t

I E i E E .

L e t

A=Snth{xi,xn--.,Xt#

(here, s a i l { x . , x d , i - i × t 3

i s t h e r e l a t i v e complement o f

{ X i , X2,...,Xt} i n Sat i !

Sn , l {41×2 , . . . i t }
= Sht, A {4,42,-Htt)



L e t h = f l y. Since f i s

n o t a c y c l e , l A l C n t l .

B y i nduct ion ,
h m a y b e expressed

a s a product o f d is jo in t cycles.

No tec , h e r e w e extended o u r definit ion

o f s o n t o i n c l u d e a l l

s e t s o f n e l e m e n t s .

T h i s i s t o c o v e r cases l ike

( f E 56)

f = ( 1 2 5 1 ( 3 4 6 )



{ I , 2 , 5 3£ { 1 1 2 , 3 3 , b u t

t h e y h a v e t h e s a m e cardinal ity,

s o t h e d i s j o i n t cycle s t a t e m e n t

should apply t o bijections o n

{112,53 a s w e l l .

Now w e a r e d o n e , s i n c e

f -- h ( x , 4 2 . . . X t )

a n d h i s a product o f

dis jo int cyc l es .

A



Exampleby : (applying t h e theorem)

w r i t e , fo r

f - ( I 2 3 ) ( I 2 4 5 ) ( 4 5 6 ) Esp,

a s a product o f d i s j o i n t cyc l e s .

Solut ion'. Mu l t i p l y o u t u s i n g c y c l e no t a t i o n .

f - ( I 3 ) ( 2 4 ) ( 5 6 ) (7 )
r



Observat ions Abou t S n

1 ) S n has a binary operation,

function composition : i f f , g Esn,

fo g E s n

2 ) S n has a "neutral" e l e m e n t

w i t h respect t o composit ion, the

e l e m e n t e : e o f = f o e = f

y f E s n '

3 ) Since e v e r y f t s , i s a bijection,

f has a n
"inverse" f " such

t h a t foft's f-'of = e .



4 ) Function composition i s

assoc ia t i ve , b u t n o t

commutative!


