
Quotient Rings and I d e a l Types

Reca l l : ( n o r m a l subgroups) I f G i s

a group a n d H E G , then

I t 0 6 i f and o n l y i f

F group
k a n d group

homomorphism Q : G - 7 K w i t h

K e r c e ) : H .

W e wou l d l i n e t o r e c ove r t h e

a n a l a g o u s s t a t emen t fo r r i n g s ,

w i t h I d e a l s i n place o f

n o r m a l subgroups a n d of a

r i n g homomorphism
-



Theorem: (Quotient r i n g construction)

L e t R b e a r i n g and

l e t I b e a n idea l o f R .

T h e n t h e s e t o f cosets o f I

i n R forms a r ing ,

denoted b y M I ,
u nde r

t h e operations

( X t I ) t ( y t I l = ( x t y ) t I(xtI)-(ytI)=(xy

H x , y E R



proof'. W e k n o w ( R s t ) i s a n

a b e l i a n group,
h e n c e

( I s t ) O ( R s t ) .

Therefo re ,
w e

k n o w t h a t

R / I
i s a group

.

R / I i s a b e l i a n s i n c e

R i s a
b e l i a n !

( x t I ) t ( y t I ) T (city) + I

= l g t x l t I

= ( y t I ) t ( H I )



W e n e e d t o s h o w
t h a t mult ip l icat ion

i n R / I i s well-defined; t h a t i s ,

i f X , f I = X a t I a n d

y , t
I = Y a T I ,

t h e n

(× , T I ) ( ye t i )
= ( x2 t Iµ t I )

i n

(x,y,)tI=(x2yntI@
C h e c k

s i n c e x , t I = X 2 t I , F Z E I ,

X i = X 2 t Z .

s i m i l a r l y , s i n c e y i t I = Y 2 t I , F WEI,

Y , = y 2 t w .



T h e n

X , Y ,
- 1 1292

= (Katz) ( b tw )
- 4 2 9 2

= X2Y2tX2w t 7 9 2 t 2-w - X a y ,

= ¥ - X M ,
t x a w t z y a t z w

(add i t i on i s commutative)

= X a w t 2-y a t Z w .

S i n c e I i s a n
i d e a l and Z , WE I ,

X , W ,
Z 92 , 2-W E I .



W e c a n conclude t h a t

X l y ,
- X a Y 2 E I

⇒ X i y , t I = 4292 T I

a n d s o mul t ip l ica t ion i n R I I

i s w e l l - de f i ned .

W e n e e d t o s h o w assoc ia t i v i t y

Of mult ipl ication
a n d distributivity.

T h e s e b o t h fo l l ow f r om the

properties o n R i t s e l f .



for example, i f X , Y , Z E R ,

( X t I ) . ((yt 1 ) t (ZAI))

= ( x t I ) - (Cytz) T I )

= (x . ( y t z ) ) 1- I

= (x.y t x - Z ) T I

(distributivity i n R )

- ( x . y t I ) t ( x .
z ) t I

= ( x t I ) ' ( y t I )
t ( x t I ) (H I ) ✓

A



Example-l! Let R=KCx ] a n d l e t

I={Ea ix i l n ew )

i o

T h e n R / I i s a r i n g .

N o t e : i f plx),qwfR,

a n d pix)-qui
C- I ,

t h e n pix) - E u n
h a s n o

cons tan t coeff ic ient .

(x'txt0) - ( x3 t×#E I



T h i s implies p ( x )
and qex)

h a v e t h e s a m e constant coe f f i c i en t .

T h e n i f d E K a n d

[ ( x ) E I , t h e n

(4) t o ) t I = d t I

T h e re fo r e , t h e cosets o f I a r e

j u s t

{ a t I / e e k } .

So R I I Shou l d b e isomorphic

( a s a
r i n g ) t o K .



M a x i m a l I d e a l s

Le t R b e a r i n g . A n ideal

I o f R i s s a i d t o b e

ma x ima l i f I # R and

i f I E J w h e r e J i s

a n
idealof R , t h e n e i t h e r

I = J o ¥



Theorem: ( R I I fo r I maximal)

L e t R b e a commutative

u n i t a l r i n g . T h e n i f

I E R i s a
max ima l

i d e a l ,
t h e n H I i s

a f i e l d .

proof'. W e k n o w M I i s a

r i n g . O b s e r v e t h a t i f

× , y e r and I , i s t h e

mul t ip l i ca t ive i d e n t i t y o f R ,

( x t I ) l l r t I ) = (X- Ip ) t I
= x T I



a n d

( x t I ) ( y t I ) = ( x - y ) t I

r i s → I l y - x ) t I
Commutative

= ( y t I l C x t I )

Therefore, R I I i s a
commutative

r i n g w i t h multiplicative identity

l e f t .

W e n e e d t o s h o w t h a t i f

X ¢ I , then X t I should

b e a u n i t i n M I .



Define

j = { x . g t z / y e r , 2-E I } .

No te choosing y
= Oz yields

t h a t

I E J .

N o w for a l l y , , y , ER , Z , 172E I

( x . y , t Z , ) - ( x
-921-72)

= ×-1%221+14-22)
E J

F I



The re fo re ( J , t ) i s a subgroup

o f ( R s t ) . M o r e o v e r , i f

S E R ,

5 . ( x y t z )

= s . l x y l t s . t t

= x . @ b ) t s . t t ( R commutative)

F r I I

C- 5

s ince R i s commutative,

( x y t z ) - s - s - ( x y t z ) E J .

s o J i s a n i d e a l !



B u t I E J

a n d X E J s i n c e

w e c a n c h o o s e

y = I r , E - O r .

Therefore, J F I , s o

5 - R b y maximality o f I ,

T h e n I n E J ,
s o

F y e r , 2- E I ,

I n = x - y t z

⇒ k - X ' s = Z E I



⇒ l p t I = x y t I
= ( x t I ) - ( y t I )

⇒ ( y t I ) - (xtI5'

s o e v e r y n o n z e r o e l e m e n t

o f M I i s invertible

⇒ M I i s a f i e l d .

D



Principal I d e a l s

Let R b e a r i n g .

I C- R a n i d e a l i s

principal i f I

x e r , I - ( x )

w h e r e ( x ) = t h e smal lest

idea l o f A containing X .


