
theorem: (sign i s well-defined) L e t

O E S , .
T h e n 0 i s e i t h e r

e v e n o r o d d , b u t n o t b o t h .

Consequently, E i s a w e l l -

def ined homomorphism.

proof'. (M i l l e r ) suppose G E Sn i s

b o t h e v e n a n d o d d , and let e

d e n o t e t h e iden t i t y o f S n
.

T h e n 0'' i s bo t h e v e n a n d odd,

s i n c e w e c a n w r i t e O "

a s t h e product o f transpositions

i n 0 , o n l y i n r e v e r s e o rde r.'



I f 0=(41×211×3×4)

X i E { 1 , 2 , . - , n } ,
l E i E 4

w i t h X i f - X s , Xs#44
,

t h e n

G-'= ( x 3 X u ) ( x ,
X s ) s ince

b y un iqueness o f i n v e r s e ,

0 (43×411×1×2)

= (4×211=(3×4)×(1×2)

= ( x , x 2 ) ( X i a )

= e .



The re fo re , O-t i (43×4) (41×2)

N o w a s s u m e t h a t i f 0 c a n

b e expressed a s t h e product o f

K transpositions, t h e n E ' c a n

be expressed a s the product o f

t h e s a m e transpositions,
wr i t ten

i n reve rse o r d e r .
L e t 8 E S ,

and suppose 8 i s t h e product

o f K t / transpositions:

8=(111×211×3×4)
-

-
- i

- (11241×24) (426+1×24)

w i t h x z i . i t / a i V l t i E 4 t l .



Then

8 - (Xzut,b u t a)(x ,u - i X2u) i . . .
'

(43×4)(Xia)

= (X l X 2 ) (43×9 )
i

-
i -

i (42k-Mau)(x2¥2kt2)

'

(X2h#utr )(Xm-Msu) - - - -

- (43×4)(XML)

= (x,x , (43×9)'. ' ' -(Xx-i
X2u)' (X2yyX2u)-

-
-

i ( x 3 Ya ) ( K Y )

( e t 0=(41×2) (x3 X u ) . . -

- (426-1424).

T h e n b y i n d u c t i o n ,

o-t = ( x ," - , Yau ) ' . . .

-

1×3×4) (x, Xs),



s o the a b o v e product i s equal t o @ .

T h e r e f o r e ,

O- t i (XzutzYaut,) 424×24-e)
'

. . .

- 1×4×371×24).

from t h i s , w e s e e t h a t i f 0 i s

bo th e v e n a n d o d d , t h e n w e c a n

w r i t e 0 a s

0 = ( 4 × 2 ) (43×4) '. . .
' (XqµXyy) e v e n

o = ( y , y a ) (9344)
-

. . . ' (Dye-3 Yue-2)
odd

fo r 4, L E I N a n d transpositions

1×26-1,42;) 1925-1, 92J)

1 k i t 2 k I t 5121- I



T h e n

e = o o - I

= ( x , x 2) ( x 3 x y ) ' . . .
- (Kyu., Xyu) e v e n

- (Yue-394L-2) '

.
- . . (935411919¥

= ( x , X s ) 14344) . . . .
'

(key., Xue) e v e n

(Xun-l X u n ) : . .
-

H s i u ) (x, x , I e v e n

⇒ e i s b o t h e v e n a n d o dd .

Conversely, i f e i s b o t h even a n d odd,

t h e n b y multiplying an y permutation 0

by e and us ing e i t h e r t h e e v e n o r odd

representation, i t i s b o t h e v e n and odd .



T h i s s a y s w e c a n r e d u c e t o showing

t h a t t h e i d en t i t y permutation c a n n o t

b e o d d , s i n c e w e k n o w

(121112) i e .

I d e a ! I f e w a s o d d , there w i l l a lways

be a " lonely" transposition,

w i t h a n e l emen t i n i t n o t

c o m m o n
t o a n y o t h e r

transposition
i n t h e decomposition

o f e . T h e n t h i s e l e m e n t cannot

b e mapped b a c k t o i t s e l f ,
s o

t h e decomposition
doesn't yield t h e

identity!



Approach: Prove t h a t a n y decomposition o f

e v i a transpositions c a n

a l w a y s b e reduced by removing

t w o transpositions.

T o t h a t end ,

w r i t e

e = (414271×3×4)'...
' (Yau-Yau)

w i t h 4 2 3 ,
l e t I N and

(× 2 i - I Xa i ) i s a

transposition t I k i I k .

Choose m e { 1 , 2 , . . , n ) .



L e t (x2j-i k a ; ) fo r I t j E 4

be t he f i r s t transposition i n wh i c h

m appears . w r i t e

(X2j-i x .a ; ) = ( m a )

for s o m e a E { 1 ,2 , . - , n), a f m .

Note j = k i s impossible, for t h e n

@ ( a ) = M f a ,
a n d s o the

decomposition canno t g i v e the identity.



Cases : l ) ( x 2 j t , Xajtz): ( m a )

then w e cancel

(X 2 J - I X2 j ) (X2 j t i H i t s )

= (ma ) ( m a )

= e

a n d w e h a v e reduced the n u m b e r

o f transpositions b y 2 , a s

de s i r e d .

2 ) (Xa j t , X2 j t 2 ) : ( b c )

w i t h b t a i m F C .

T h e n (X2jtfX2jt2) and

( X 2 j - i Xa j )
a r e disjoint.



S o t h e transpositions commute,

a n d w e c a n
w r i t e

( x 2 J - I ¥25) (X2jt, b i t s )

= (42ft, X2jt2)
(425-1×2's) .

I n t h i s w a y , Weymouth

firsttitioncontaining
M o n e spot t o t h e r i gh t

-

-

3 ) W i t hou t l o s s o f general i ty,

× 2 j t i
= m ) " 2 j t 2= C F a



T h e n

(xzj.it/2j)lX2jtiX2jt2)

= ( m a ) ( m c )

= ( c am )

= ( c a ) ( a m )

= ( c a ) ( m a )

w e h a v e aga in pushed

( m a ) o n e spot t o t h e

r i g h t - N o t e : C f m

s i n c e ( m c ) i s a

transposition.



4 ) Without l o s s o f generality,

X2 j t , = a
, X a j t a = L F M

T h e n

(Xaj-i Xa j ) (Xajt, X2jt2)

= ( m a ) ( a c )

= ( m a
c )

= ( a c
m )

= ( a c ) ( cm)

a n d w e h a v e a g a i n pushed t h e

f i r s t transposition o n e spot t o

t h e r i g h t .



T h i s c o v e r s
a l l c a s e s

I n c a s e s 2 ) - 4 )
,

w e m o v e

the f i r s t transposit ion containing

M o n e spot t o t h e r i g h t . Either

w e encounter ( m a ) o n e

s p o t t o t h e r i g h t ,
and t h en w e

a r e i n case l )
,

o r w e d o

n o t . I n t he l a t t e r c a s e ,

w e c a n push t o 42kt, Yu)=(Mc)

fo r some C E {1,2, . . , n ) , C t m a s

t h e f i r s t transposition
containing M ,

s o t h e decomposition c a n n o t yield

t h e iden t i t y.



Therefore, w e a r e a l w a y s i n c a s e l ) :

e v e r y transposition c a n b e pained,

a n d therefore, e cannot be odd.

I



Notat ion : ( A r ) A , E S n ,

A n ' - K e r c e )

A n = a l l e v e n permutations

i n S n .

Ag = smallest-order simple

nonabel ian g roup.


