
Subgroups a n d

c y c l i c G roups

( s e c t i o n 2 . 2 )

Recal l : (subspaces) I f V i s a

vecto r s p a c e , a subspace o f

✓ i s a potentially smal ler

subse t o f V t h a t i s a

v e c t o r s pace under-the

o p e r a t i o n . We

w a n t t h e ana l agous cons t r u c t i o n

fo r g roups .



Definition: (subgroup and notation)

L e t 6 b e a group under

"
.

' '

.

A nonempty subset

H o f G i s sa id t o b e

a subgroup i f I t i s

a g ro u p
unde r

"
.
" .

Notation:" H £6"



theorem: (subgroup t e s t ) L e t 6

b e a g r o u p
u n d e r

" . " and

l e t I t b e a nonempty

s u b s e t o f G . T h e n I t

i s a subgroup o f 6

i f a n d o n l y i f b o t h

→ 1) i f x , y E H , then x . y E H

→ 2 ) i f x c- I t , then I ' E t t .

proof: ⇒ t r i v i a l , s i n c e 1 ) and

2 ) correspond t o
" . " i s

a b i n a r y operation o n I t

a n d w e k n o w t h a t X-'Est

f rom t h e g r o u p a x i o m s



⇐ From 1)
,

w e know t h a t

" . " i s a binary operation

o n I t . f rom 2 )
,

w e

k n o w t h a t I ' E l t ( x "

e x i s t s s i n c e X E H E G , and

w e k n o w 6 i s a group).

We need t o check t h a t

" . " i s a s s o c i a t i v e and

t h a t F identity egg fo r

I t . However, s ince 6

i s a g roup unde r
" . ' ' ,

w e k n o w " .
' '

i s associative

o n e l e m e n t s o f G .



So i n particular,"." i s

a s s o c i a t i v e o n e lements o f H .

N ow combin ing 1) and 2 )
,

i f × E H , ×" E H ,
and

x-x-'= eco E H .

Therefore, e g C- I t and

i s t h e i d e n t i t y o f H .

D



Terminology: i f G i s a g r o u p u nde r

" . ' ' a n d 0/1=5 E G ,

t h e n i f x . y e s t x . YES,

w e s a y 5 i s c l o s e d

u n d e r " .
' '

.



Examplele: { a t b h I a,bETQ}

E IR" i s a subgroup

o f
112"

i 1121803.

Why? U s e the subgroup tes t !

Let atbott, c t d f t ER's

a , b , c , d
E I Q . T h e n

Catbft)-((tda)

= (a. c t b.cl#t(adtbc)F7
C- Q

s i n c e Q i s a f i e l d ,



a . c t 1 7 b -d , a d t b c E Q .

The re fo re , w e h a v e closure

u n d e r mu l t ip l i ca t ion .

I n v e r s e s : Ta h e a t b a t
,
a , b EQ.

We k n o w i n
112"

,

Catbott)-'= I
a t b57

'

multiply by 1 = fifty
w e g e t

catboat' = ftp.#



and

fat brat'=aa¥,#(¥5.17)Ft

since Q i s a f i e ld ,

a -

a'-5.17 I ¥7,7 E Q

un l e s s a2-b? 17=0 !

B u t i f t h i s w e r e s o ,

t h e n as = b? 17

ag
e

= 1 7



a n d 517 w o u l d be

rational, w h i c h
i s n o t

true ! S o therefore,

(atbft)" has t h e

desired fo rm . B y

t h e subgroup t e s t ,

{ a t b f t / a,bEQ3

i s a subgroup o f DX !



Example2y: (subgroups o f a n y group

a n d s i m p l e groups)

Le t 6 be a g roup under

"
.
". G a lways h a s

a t least t w o subgroups:

6 i t s e l f and H={%3.

B y t h e subg roup tes t ,

Cj' = EGE H

co ' c o = q E H , s o

{eco} i s a subgroup.


