
Preposition: (subgroups o f 2 ) Let H E R .

T h e n I t i s cyc l i c ,
and ei ther

I t = ( n s w h e r e

n E I N i s t h e smallest
n a t u r a l

n u m b e r i n I t o r
H={03.

proof: suppose H f { 03 . T h e n F mE2,

m e l t and M ¥ 0 . Since HER ,

S o - m e H .

The re fo re , w e m a y

a s s u m e t h a t H h I N ¥ 0 .

By the wel l-Order Principle,

F n e H h I N s u c h t h a t



V m e H n I N , N E m .

T h e n s i n c e H E Z a n d NEH,

( n ) 4 I t
.

N o w suppose

F K E H , K ¢ L n > .

T h e n by the d i v i s i o n algor i thm,

F q , r c- 2 , 0 ¥ ,

w i t h

k = n a t r .

Since k e H a n d n g c- L n > E H,

w e k n o w



k - n q E H

N o t e n q E L n > s i nce

n q =
n t n t n t .

- t h i f q > o

¥ 2
o r -nq=nt[¥tn

i f 9 2 0 .

B u t

r > k - n q E H
.

We assumed t h a t n w a s t h e

smal lest positive i n t e g e r i n H ,

and s i nce o f t e n , w e m u s t h a v e

r : O . Therefore, k = n q E ( n ) ,

s o I t > L n > .
I



Observat ion'. I f h e 1 N , t h e n i n 2 ,

L n > = N Z .

So by

the previous proposition,

e v e r y subgroup
o f TL i s

o f t h e f o r m
1 1 2 f o r

M E I N U { 0 3 .



Proposition: (subgroups o f 2 h ) Let

I t t I n . Le t dE{1,2,-.-in-l}

b e t h e smallest positive in teger

s u c h t h a t ( d ) E H . T h e n

e i t h e r H = L d ) o r n o

such d ex i s t s , i n wh i c h case,

I t : { 6 7 3 .

proof's I d e n t i c a l t o t h a t fo r 12
,
with

a b i t m o r e c a r e t a k e n w i t h

t h e mo d u l u s ,

D



(Eary'. (subgroups o f c y c l i c groups)

Every subgroup o f a cyclic

group i s c yc l i c .

proof: L e t 6 be a cyc l i c group.

Suppose H E 6 . L e t

a : b → {2,21613

be a n isomorphism

( e ; G → 2 i f 1 6 1 = 0 and

p:b-72,6, i f 161 Lcs) .

T h e n I C H ) E 6 16 ) ,

s i n c e



I C H ' l ) eye I t ,
s o

nonempty

0 = Neo ) E @ ( H ) i f 1 6 1 '

[ o ) = @(Co) E a c h )
i f 1 6 1 n s .

" H I 2 ) I f × , y e @( H ) ,
t h e n

i s closed

under " t "
z a , b E H ,

X i l l a ) ,

y = @( b ) .
T h e n

X t y = @a ) t @( b )

X t y = p ( a . b ) E cent)

Inverses
o f elements 3 ) I f × E I C H ) , X - Ufa) fo r

i n putt
a r e incelitt a t I t , t h e n a- ' E H since H E 6,

a n d I':@laicela") E l l e t t )



B y t h e subgroup t e s t ,

QCHI E 6 1 6 ) .

Every subgroup o f 2 o r
12h

i s c y c l i c , s o F K E @ (H),

UCH K ( x ) . Applying ¢',

I t = L e t a ) .

No t e : ht -2 ,b e @ (G ) ,

e-
'

( z t y ) = 6-
' (elattelb))

f o r s o m e a , b E G .

s i n ce he i s a n isomorphism,



e- 'fatty) = @
"

(e la) fe l b ) )

d- 'Itty) = # (@a . b ) )

g-'tztyl = a - b

6-' I t ty = g-
' (z)-y-' ( y ) ✓

Therefore, y'" i s a n isomorphism

o n t o 6 , s o

H= 6-
' (outs)-e-

' ( a s )

Bu t g-
' ( a s ) = {6-'Cnx) Inez}

= {6-4×15 Inez)

i s



( 0 µ g ' . (generators o f 2 , ) L e t

X E {1,2 , - - ,
n-l} .

T h e n

(Cx)): Z , i f a n d only

i f gcd(x ,n) = ) . I n

particular, i f n i s prime,

e v e r y n o n z e r o element
i s a

generator o f I p !

proof: ⇒ I f L e x ] )
= I n ,

t h e n [ 1 ) E L E X ] ) .

I f t h i s i s s o , then

F M E I N ,



[ D = n [ x ] .

Unrave l l i ng ,

| = m x (mod n ) ,

s o F L E E ,

I - m x= l n ,
and

I = e n t m x

⇒ gcd(n , x ) - l .

⇐ suppose god ( n i x ) = L .

T h e n F l , m E R ,

( = e n t m x .



T h e n

I - m x = e n

⇒ I = m x (onoda)

⇒ o f m a d

⇒ [ D E L E D

D



Note: t h e o n l y generators o f TL

a r e n = l a n d n i - l .


