
Symmetries a n d
Ma t r i c e s

( s e c t i o n 1 . 4 )

Reca l l : 1123 w i t h usua l Euclidean d i s t ance

I f × = ( x , 1×2 , X 3)

y = ( Y i , y a , Y 3)

w i t h X i , X 2 , X3, Y i , 92, 93
E IR ,

t h e n

d((Xi,x2,xs),(yi,Y2,Y3#=y,,y,p+(×jy,p+
(×,y,p



We ' l l con t i nue t o regard t h e

square a s occupying t h e position

i n t h e x y
- plane t h a t w e

w o r k e d w i t h previously w h e n

computing products o f symmetries.



Definition: ( i s om e t r y ) Given a region

R E
1123,

and isometry of

R i s a m a p f .
R-71123

s u c h t h a t i t × , Y E R ,

d(fCxl,fly))=d(x#Y



theorem: (ex tens ion o f i s o m e t r i e s - I I . 1 .6)

Le t R E
1123

and le t f :
R-71123

b e a n i s o m e t r y . Then

F a n e x t e n s i o n I :
1123-71,2
3

s u c h t h a t f) p= f , and

1) § i s a n i s ome t r y

2 ) F a linear ma p

A :
1123-71123 and BE

112
3

s u c h t h a t

¥¥f#htxElR3



Reca l l : ( fo rm o f l i n e a r map s o n 112")

A map A :
112^-7112"

i s l inear

l ove r 112) i f t x , y C- 112" and C E IR,

1 ) A l x t y ) = AH> t A l y )

2 ) A l e x ) = c - A l x )

Every s u c h l inear m a p m a y b e represented

a s a m a t r i x , a l s o denoted by A .

T h e eas i e s t m a t r i x t o o b t a i n i s t h e

standardrepresentation:



( ¥ c o l umn o f m a t r i x = A e ,

2^1 c o l u m n o f m a t r i x = A e ,

i
nth column o f m a t r i x = A e ,

whe re {eyes, . . . , e n } i s the

standard b a s i s o f 112" :

a:[¥1.at?1,...en=f;]



I d e a : a n y isomet ry o f R is "almost"

a m a t r i x - u p
t o t h e additive

constant b!



Definition: (centroid o f polygon 1 polyhedra)

Given a polygon o r a polyhedron R

i n 1123, t h e c e n t r o i d o f R

i s t h e point ( 5 , 5 , E ) E
112
3

whe re

I = S xxpixis, A d v
1123

5=59%14%21 d v
1123

I = S 2- XrlxisizidV
1123



Here, X p :
1123

→ I R i s

t h e "characteristic" o r

"indicator" funct ion o f R :

Xp ( x y z ) ={
l i l k h H E R

0 , lxiy.AE/R



Preposition: Any symmet r y o f a

polygon o r a polyhedron,

w i t h centroid located a t

t h e o r i g i n , e x t e n d s t o a

l i n e a r isomet ry o f
112
3

proof'. Any symmetry o f a polygon o r

a polyhedron preserves t h e

polygon o r polyhedron. S o

i f R i s t h e polygon o r

polyhedron a n d F :
R-71123

i s

t h e symmetry,
t h e n



f-( R ) - R . T h e n i f

t h e centroid o f R i s 10,90) ,

t h e centroid o f f (R ) i s

( X i 15 , , E , ) whe re

X I = §,XXflagxis,A d v

= §,X HalxisitldV

= I



Similarly, 5 1 = 5 and I , = I .

T h e n f preserves t h e centroid,

w h i c h i s ( 0 10 , 0 ) . Every

symmetry i s a n i s ome t r y, s o

ex tends t o F : 112
3 →

1123,

~

fcx .az ) -- A-( x y z )
+ b

whe r e A i s a m a t r i x .

But t h e n

1010,0) =
f- (0,90)=A(0,90)tb

= 10,010) t b



Therefore, b e (0,010) and

F i s linear!

D



Symmetries o f t h e Squa re a s Ma t r i c e s

F i r s t : f i x t h e squa re i n t h e x y -p l a n e

Z

÷:÷÷÷÷t
÷÷÷÷÷i:
y'positive



M a t r i x fo r r ! (clockwise r o t a t i o n by
900)

w e just n e ed
t o know wh e r e e , , e a ,

a n d e z go t o u n d e r r .

r i e d e r ((8,])-[8,]

s c e n e 4181)-(E)
H e n r y (E)) : [ I ]

ma t r i x : f-f
'o
o 8,]



m a t r i x for A :

Aces)=A((&])-(§)

Alea)=A((8])-(§]

Ale,)=A((b)):[ 'oo]

Need t o do B, C, and D . . .


