
theorem: (maximal i d e a l s
i n K C x ) )

L e t K be a f ie ld . T h e n

a n
i d e a l I o f K C x ]

i s m a x i m a l i f a n d on l y i f

I = ( p i x ) ) w h e r e

p c x l i s . i r # e .

proof: ⇒ suppose I i s m a x i m a l .

B y t h e previous
l e m m a ,

F p lx )
E K G ] w i t h

I t ( p i x ) ) . Suppose

w e m a y w r i t e
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fo r p, I x ) , p a l y ) E K G ) .

T h e n

I - - ( p w ) E ( p i x ) )

a n d

I E L Palm>

B u t I i s max ima l , s o

e i t h e r

( p i x ) ) = k Cx ]

⇒ p i c k s i n c e

i t qcx) E (picx D , 91×11=0,

q u i : p , ( x ) - 9 ,1× 1

fo r s o m e 9 , ( x ) f K ( x )



= ) deg (aux)) I
deglpicx,) .

S o i f ( p i x ) ) = k [ x ) ,

t h e n Lp , ( x ) ) contains

n o n z e r o s c a l a r s ⇒

( p i x ) ) : ( 1 7 ,
and

pilx) E k .
-

- o r
-

( p i c ) ) = I .

I n t h i s c a s e ,
b o t h

p, I x ) ; pox ) E I

P , ( x ) cannot be a s c a l a r

s i n c e I t K E ] .



B u t t h e n

p , I x ) = pix) -91×1
f o r

s o m e q ( x ) E K G ]
s i n c e

( p i x ) ) : Cplx D = I .

W e h a v e

p, ( x ) : pcx i .ge )

= p , ( x )
- Pala-que)

⇒ p£x), q ( x )
a r e s c a l a r s

b y degree cons idera t ions .

The re fo re , p i x ) i s irreducible.



⇐ suppose I = (pees) and

pix) i s irreducible. L e t

J be a n i d e a l ,

I E J E K K ] .

W e w a n t t o s h o w
e i t h e r

J = I o r J : K E ] .

suppose I f I .

W e k n ow F q l x ) E K G ] ,

J = ( q u a ) .



B u t I E J a n d I=LpcxD,

s o pcx)
= E l k ) - P d x )

fo r s o m e p , ( x ) E K G ] .

w e
k n o w p ( x )

i s irreducible,

s o e i t h e r q lx) E k

⇒ ( g a s ) = K G ]

o r p i x )
E k

⇒ ( p i x ) > = (que)> = J ,

contradiction.

Therefore, J = k [ x ] and

I = Lpcxs ) i s m a x i m a l . A



Theorem: (fundamental Theorem o f fields)
-

L e t K be a f i e l d , pen E K G ] .

T h e n F a n e x t e n s i o n f ield L

o f K i n w h i c h p w h a s

a z e r o : F & E L , plot:O.

proof'. W e m a y , upon factorizat ion,

a s s u m e pix) i s irreducible

( I nduc t i on proof).

L e t L=""%# .

By t h e previous
t h e o r e m , w e

know L i s a f ie ld ,
and



K i s isomorphic t o a s t r i n g

o f L v i a
t h e m a p

BEkt7ptLpcxDEL.
Let@xftLpx7EL.-
Wew a n t t o s h o w

p ( d ) = D . Here,

O
= O t ( p a s s =LpcxD.

Suppose

p i x t . { s i x ' .
i : O



T h e n p ( d )
= £ g i ( x x l

pix)))"

i = o

= { s i (x ' t LpexD)

÷
=§, Jixi)tLpcxD

= past Lp lx D

I o t L p l x D

= ( p i x , > .

Therefore, pl d ) = O !
D



fun fac ts :

1 ) Gelfand-Schneider
T h e o r em :

Iftabareagebraic

o v e r Q , BEI Q
,

aE/ {0,13, t h e n

ab i s
transcendental.

For e x a m p l e ,

355 i s transcendental.



2 ) T l a n d e a r e transcendental

o v e r IQ ( h a r d proofs, maybe

Lindemann d i d bo t h i n lath

century?) .

One c a n

s h o w , without t o o m u c h

d i f f i c u l t y ,
t h a t e i t he r

T i t e o r T i r e i s

transcendental ,
b u t n o

o n e c a n prove
w h i c h

o n e i t i s ! Open problem!



3 ) Const ruct ib i l i t y P rob lems

Ancient G re e n problems invo lv ing

u s i n g a straightedge (unmarked

r u l e r ) a n d compass . For example,

c a n w e t r i s e c t a n d a r b i t r a r y

a n g l e u s i n g o n l y straightedge

a n d compass? A l l o f these

classical problems a r e proven

false u s i n g f i e l d
extensions!

I d e a : t h e s e t o f
"constructible"

numbers ,
starting w i t h IQ,

i n vo l ve s a se r i e s o f degree - t w o

ex t e n s i o n s :



¥ .
52 i s construct ible

B u t ,
fo r examp le , t r i sec t i ng

angles give degree t h r e e extensions,

s o t h e s e a r e n o t , i n general,

constructive!



Characterist ic o f a f i e l d

Recall: w e showed t h a t t h e r e i s

n o f i e l d o f o r d e r 6 .

N o w w e
h a v e t h e abi l i ty

t o prove s u c h resu l ts i n

general!

L e t k b e a
finite f i e l d .

T h e n ( K , t ) i s a n a b e l i a n

group, s o i t × E K , t h e

o rd e r o f × ,
considered i n

( K i t ) , d i v i d e s 1kt .



Definition: T h e characteristic o f a

f i e l d K i s t h e

smallest n E I N s u c h

t h a t i t X E K ,

M x = x t x t x t . t t X = Ok .
~

n ' f i n e s

I f n o s u c h n e x i s t s ,

w e s a y K i s characteristic

z e r o .



Theorem: (characteristic i s prime o r ze ro ) L e t

Us b e a f i e l d , T h e n t h e

characterist ic o f K i s e i the r

z e r o o r pr ime.

proof'. Suppose K does n o t h a v e

characteristic Z e r o , a n d l e t

o r deno t e i t s characteristic.

Suppose w e c a n
w r i t e

n = m - l fo r I L m i l c h

( i . e . , n i s n o t prime).

L e t X t K , X#On.



T h e n

On = n x = ( m i l k

s o e i t h e r m i x
= O k o r

l x = 04 .

B y multiplying

b y x ' ' (s ince k i s a field),

i f , s a y ,
m - x = Ok ,

then m i l k = Ok .

B u t then i f y t K
,

m - y
= m . I n ' 9 = 0 , 9

= Ok,

contradicting minimality
o f n .

Therefore, n i s prime. I


