
Definitions (addi t ion) L e t n , N E I N .

L e t f : I N - 7 1 N , f l u e n t .

W e i n d u c e , fo r e a c h m a n ,

a f u n c t i o n gem: IN-71N

f rom t h e Recursion Theorem

S u c h t h a t

1 ) g m ( O ) = m

2 ) g m ( h t )
= f ( g u n )

= @men,)t.

T h e n w e d e f i n e

@mt=gm h t N E I N



theorem: a ) A d d i t i o n o n 1 N i s assoc i a t i ve .

2 ) Add i t i o n o n
1N i s commu ta t i ve .

Ploof: s t a r t 1 ) : w e w a n t t o

s h o w t h a t ,
H m , n , K E I N ,

@ t h ) t k
= m t ( n t h )

U s e i n d u c t i o n o n K .

L e t

s = {KE IN / (mtn)tk=mt(nth)}.



s t e p 1 : O E S I f k = 0 , t h e

s t a t eme n t i s

@ t h ) t o = mtCn to )

@ t h ) t 0 = 9 mm ( o )
= m t n

s im i l a r l y, n t o = g n l o ) I n ,

S o w e g e t

(mtn)tO= m t n
= m t ( r i t o ) ✓

S o O f s !



S t e p 2 : I n d u c t i o n

w e a s s u m e K E S ; t h a t i s ,

(M t n ) t k = M t ( n t h )

w e w a t t e f r om n i s

t h a t (mtn)tkt=mt(ntkt),
s o k t E S . By t h e Principle

O f M a t h e m a t i c a l I n d u c t i o n ,

w e w i l l h a v e s = I N .



T h e n

(mtn) t K t = g u n (Kt)} definitiono f g

= (9mtn ( a ) Jt

= ((mtn)t k )
t

i n d u c t i v e

① (mt
(nth))t

assumption

= (gm (nth))
t

= g m ( ( n t h )t )

= gm (Cg, ( a )I t )

= Sm ((gnat))
= g m ( h t K t )

= m t ( n tut) ✓



W e h a v e s h o w n

1 ) O E S

2 ) I f K E S , t h e n k t E S

So by t h e Principle o f ma thema t i ca l

I nduct ion , S = I N
,
and s o

(Mtn)tk= m t ( n t h )

h t m , n , K E I N .



We ' v e proved assoc i a t i v i t y, n o w

fo r c ommu t a t i v i t y, 2 ) !

Ag a i n going t o u s e t h e

principle
o f mathematical

i n duc t i o n
- e v e n t u a l l y .

S t e p 1 :
O t m

= m t o f m e , , v

N o t e t h a t
mto=gmco)
=]

W e w a n t t o s h o w t h a t

0 t m = m f M E I N .

T h e n w e ' l l h a v e s t e p 1 .



M o r e i n d u c t i o n :

L e t T - {ME IN I o tm=m3.

-

0+0=9010)-OO E T

IfmET,mt#

I f M E T , t h e n O t m = m .

O t m t = g o ( m t )

= g o ( m )
t

=
Coton)t
i n o t m = m b y

i n d u c t i o n

= m t



B y t h e Pr inc ip le o f mathemat ica l

I n d u c t i o n ,
T = I N , s o

0 t m = M H M E I N , and

O t o n > m i n t o
✓

StepI: show t h a t f o r a n y f i x e d r n ,

m t##=@
Aga i n u s e i n d u c t i o n :

l e t

Tan = {NEIN I m t t n =@+Mt)



-

M t t o = M t b y def in i t ionO ETm

@ to ) t =
M t by def in i t ion ,

s o m t t o = (onto)t

I f nETon, t h e n n t E Tm
-

w e a s s u m e
t h a t

mttn.cm#tn .

S h o w

m t t n t = (mint)t



Then

m t t n t = gmt ( h t )

=@* (n))t

= (mitten)
+

i nduc t i ve
=o((mtn)t)t

s t e p

= ( g m (nyt)
t

= ( g m ( h t ) )
t

= (mint)'t ✓



B y t h e Principle o f m a t h em a t i c a l

I n d u c t i o n , T m = I N ,
s o

M t t n = (mtn)t

H N E I N .

Step
! s h o w n t e n t N .

U s e step 2 a n d induct ion o n m .

Let n C- I N and l e t

s = {ME I N / h tm-mtn} .



0 ¥ M I O , n t o = o t n , done

b y step 1 i n

IfmfS,thenµE
We a s s u m e n t m = m t n .

S h o w h t m ' t = m t t n .

S o m t t n = (mtn)t ( s t e p 2)

inductile G-(htm)t
s t e p

=
(gum))t

= gncmt)

= n t m t ✓



B y t h e Principle o f M a t h e m a t i c a l

I n d u c t i o n , S = I N ,
s o

m t n = h t m Y n , M E I N

D



De f i n i t i on : (multiplication) L e t M E I N
-

a n d d e f i n e fm : IN-71N,

fm ( n ) = M t n . T h e n

b y t h e Recursion Theorem,

F G m : I N → I N w i t h

1 ) g m ( o ) = O

2 ) g m
Cnt)=fm(gmCn))

=gmCn1 tm

s e t m.n=gm#u



Chech t h i s w o r k s . . .

g m ( l )
= f m (gmCol)

= g m ( o ) t m

= m

9 m L 2 ) = f m (gma))

= g n a s t m

= m t o n

looks l i n e i t does w h a t

i t i s supposed t o do!



theorem: (multiplication properties)

L e t n , n , K E I N .

T h e n

1 ) (m-n ) -K = m - C n - h )

(associativity)

2 ) m - n = n - M

(commutativity)

3 ) m - ( n t h ) = m a n + m - K

(distr ibutivity o v e r addition)

proof: T r y i t !
D



Definition: (exponentiation) L e t M E N .

L e t f m : I N - 7 I N ,

f m l , ) = m - h H N E I N .

T h e n by t h e Recursion

Theorem, F gm : IN-31N

S u c h t h a t

1) gmco) = I

2 ) g n a t ) = fmlgment)

= m-gun )

s e t m # µ



theorem: ( o r d e r ) L e t r n , N E I N .

T h e n e i t h e r

M E o r , h E m , o r n = m .

proof'. L o t s o f induction!

L e t m e I N . L e t

Sn = {me I N / either m e n , neon , o r n=m}.

L e t

s = {NEIN I S n - I N } .

U s e i n d u c t i o n t o s h o w

s = I N .



S t e p O E S

w e w a n t t o s h o w t h a t

s o = I N .

S h o w t h i s v i a induction!

0 ¥ 0 = 0 , s o O E S o .



MESo⇒mtµ
S i n c e m t S o , e i t h e r

- m = O , i n w h i c h c a s e

m t = Ot = got = 0403

= { 03

⇒ 0 E m t .

- O E M ,
i n w h i c h c a s e ,

m t = m u { m } ,
s o

O E M E m u E m ] = m t

- M E O ,
impossible s i n c e

0 = 0 h a s n o e l e m e n t s ✓



By t h e Principle o f m a t h e m a t i c a l

I n d u c t i o n , So = I N , s o

O E S .

Step 2 : I f n E S , t h e n r i t e s

-

I f n E S , t h i s m e a n s

5 , = I N . W e w a n t t o

s h o w S n t
= I N .

w e ' l l d o t h i s b y induction!)



O E S n t f rom s t e p 1 , w e

k n o w 0 E n t s i n c e

n t EO
isinossible and

O = n t
i s impossible

s i n c e w e proved (Peano

Axiom) t h a t 0 # h t

fo r a n y
n E I N .

s i nce so = I N , Oent .
✓

I f m e Snt, t h e n m+ESnt

W e k n o w m t S n t , s o

e i t h e r



- m i n t
,

i n w h i c h c a s e ,

m t = m u E m } ,
s o

nt=mEmuEm3=mt
o r

- n
+
E m ,

i n w h i c h c a s e ,

h t E m t a s a b o v e

o r

- M E h t .

w e k n o w s n = I N b y

i n d u c t i o n

E i ther * ) n ' I n , s o

t h e n mtent
o r



* ) mgmt .

W e a l s o k n o w

m e h t .

n = m o r h E m

m e n o r m e n

⇒ intent
- n = m ,

m = n

impossible
-

n e o n , m e n

impossible
- n e o n , m e n

- N E m , m = n impossible

* ) m e n . T h e n

n ' t n u { n } ,
s o

m t E n E n t ⇒

✓
m t E n t



S o b y i n d u c t i o n , Sn t- I N ,

w h i c h s h o w s , y e t a g a i n by

i n d u c t i o n , t h a t

s- {new ( S E N )

i s equal t o 1 N .

D


