
Constructing

s t a r t i n g Po i n t ' . S e t s a n d e l e m e n t s

w e w i l l n o t d e f i n e e i t h e r
s e t s

o r e l e m e n t s , b u t t h e I F C

a x i o m s w i l l t e l l u s w h a t

s e t s a n d e l eme n t s a c t l i k e .



Zermelo- f raenke l - C h o i c e ( E E ) A x i o n s

The s e a r e t h e a x i o m s t h a t

govern s e t a n d e l e m e n t b e h a v i o r

i n t h i s c l a s s . A fu l l l i s t

o f t h e s e a x i o m s i s o n canvas ,

b u t I w i l l w r i t e down t h e

o n e s t h a t w e n e e d .

N a i v e assumpt ion : F a set !



T h e A x i om s W e W i l l Need

1 ) Ax iom o f Extensional ity (2-F C 1)

T w o s e t s S a n d T a r e equal

i f a n d o n l y i f they h a v e t he

s a m e e l e m e n t s .

2 ) A x i o m Schema o f Separation (2-FC 3 )

L e t 5 be a s e t . L e t y

be a l og ica l formula ( i . e . a

sentence) invo lv ing a f ree

va r i ab l e X .



i n §{ x I ceases} i s

a s e t .

U s u a l l y , w e w i l l c h o o s e

× f rom a s e t T .

T h i s i s c a l l e d a
"schema" s i nce

t h e r e i s o n e a x i o m fo r each@!



Definition: (empty s e t ) L e t s

be a s e t .
T h e

e m p t y s e t o f S i s

¢={x¥tx3.
B y t h e A x i om Schema o f

separation, of E S .

N o w i f T i s a n y o t h e r

s e t , t h e A x i o m o f Extensionality

t e l l s u s t h a t t h e empty s e t

o f T equals t h e empty s e t

o f S .



C o n s e q u e n t l y , w e a r e justified

i n s a y i n g t h a t 0 E T f

s e t s T , a n d i n using t h e

terminology t h e empty s e t .



3 ) A x i o m o f U n i o n ( i f yo u need

i t t o b e happy)

L e t S a n d T b e s e t s .

T h e n

suT={xI(xES)v(xETB÷

is a s e t .



T h e Elements o f 1 N

Contrary t o w h a t w i l l usually

b e t h e c a s e i n t h i s c l a s s ,

w e w i l l fol low t h e convention

t h a t O E I N .

I n fa c t , w e w i l l s e t

- D = ¢
- I =¢U{03=803
( i . e . a s e t w i t h 1 element...)

-

2=1045-{030%13}
( i . e . a s e t w i t h 2 elements)



-
3 = 2 U { 2 3

=@0304033) u {6/342032}

( i . e . a s e t w i t h 3 elements)

I n t h i s m a n n e r ,

- 4 = 3 U { 33

- 5 = 4 u { 4 3

- 6 = 5 u { 5 3

e t c .

Bu t w h a t does
" e t c . "mean?

whe n w e d o "etc ! ', d o w e ge t a set?



Notation: (successor) I n t h e

language w e j u s t constructed,

t h e s u c e s s o r o f a s e t

5 i s defined a s

S U { 5 3 ,
a n d denoted

b y st.su#

W e w a n t t o d e f i n e I N a s

t h e s e t containing 0 1 = 0 ) and

a l l successo rs o f i t s e l e m e n t s .

w h y i s t h i s a s e t ?



4 ) Ax i om o f I n f i n i t y

F a n
i n f i n i t e s e t 5

s u c h
t h a t 0 E S

a n d s u c h t h a t i f

X E S , t h e n X t E S .

N o t e : a n y s e t S w i t h t h e

property t h a t X t E s

wheneve r X E S w i l l b e

c a l l e d a s u c e s s o r s e t .



Definition: ( N ) L e t s b e a n y

s o c e s s o r s e t a n d YES.

W e def ine

I N I T
s a

5%7%5

w e in te r sec t a l l s u c c e s s o r s e t s .

I f y o u
l i ke , y o u m a y

i n c l u d e a n o t h e r a x i o m specifying

t h a t in te rsect ions o f s e t s a r e

s e t s .



I n o r d e r t o b e sa t i s f i ed

w i t h t h i s d e f i n i t i o n , w e ' d

n e e d t o c h e c k t h a t

1 ) t h e intersection
o f s o c e s s o r

s e t s i s a s u c e s s o r s e t .

( H w 1 ) .

2 ) I N i s t h e sma l l es t

socesso r s e t w i t h

O E I N . ( a lmos t immed ia te

f rom definition)



T h i s s e e m s l i k e a r a t h e r

a r t i f i c i a l construct ion.

W e w a n t t o
m a k e s u r e

t h a t I N , a s w e ' v e

defined i t , h a s t h e

desired properties w e ' r e

u s e d t o . T h o s e

properties c o m e f r o m t h e

Peano A x i o m s .



T h e Peano Axioms
-

Axioms t h a t d e t e r m i n e I N

1 ) O E I N ✓

2 ) t f N E I N , n t E I N ✓

3 ) (P r i n c i p l e o f Mathematical Induction)

I f S E I N , OES , a n d n t e s

i f N E S , t h e n s = I N . ✓



4 ) I f h e 1 N , h t t 0 .

5 ) I f n > M E I N a n d r e n t ,

t h e n n - m .

W e m u s t prove 4 ) a n d 5 ) !


