
T h e Peano Axioms
-

Axioms t h a t d e t e r m i n e I N

1 ) O E I N ✓

2 ) t f N E I N , n t E I N ✓

3 ) (P r i n c i p l e o f Mathematical Induction)

I f S E I N , OES , a n d n t e s

i f N E S , t h e n s = I N . ✓



4 ) I f h e 1 N , h t t 0 .

5 ) I f n > M E I N a n d r e n t ,

t h e n n - m .

W e m u s t prove 4 ) a n d 5 ) !



Proof o f 4 ) B y c o n t r a d i c t i o n .

Suppose I n E I N w i t h

n t = 0 = 0 .

B u t n t = n u { n 3 .

S o

n u n s = n t =¢

[But t h e n h e ¢ ,

contradiction.] The re fo re ,

t h e r e i s n o N E I N w i t h

h t = O .



T o prove 5 )
,

w e w i l l

f i r s t re qu i re t w o lemmas!

Lemma- something t e c h n i c a l

y o u
need t o prove

a r e s u l t ( u s u a l l y

t h e r e s u l t i s a

t heo rem o f s o m e

k i n d ) .



-

L e t m e I N a n d X E i n .Lemma'.

T h e n n i s n o t a s u b s e t

o f X .

proof: W e w a n t t o u s e t h e

Pr inc ip le o f Mathematical

I n d u c t i o n :

s={nElN/ i f x e n ,
n ¢ x } .

W a n t
t o s h o w

1 ) OES

2 ) r i t e s w h e n e v e r n e s

T h e principle w i l l t h e n t e l l u s

t h a t s = I N



1 ) 0 € since 0 = 0 and

t h e r e a r e n o e l e m e n t s x E 0 ,

t h e cond i t i o n h o l d s vacuously,

s o OES !

2 ) Ifnessthenntes
Wa n t t o s h o w : i f x e n t ,

t h e n h t ¢ x assuming

t h a t i f X E n , t h e n nE/X.



Suppose x E n t = n U E n 3 .

T h e n e i t h e r

C ) X E n . By induction,

n ¢ X . B u t n e n t ,

s o n t ¢ x .

o r

i i ) x E { n 3 . T h e n x = n .

S i n c e
n t = n u n } ,

n t ¢ x .



W e ' v e s h o w n t h a t O E S

a n d w h e n e v e r N E S
,
t h e n

r i t e s . B y t h e Principle

o f mathematical I n d u c t i o n ,

s = I N .
T h e n

I N : S = {NEIN / i f x e n , n¢x}

S o e v e r y
N E I N h a s t h e

property t h a t i f X E N , N IX .

B



Len-ma'. L e t M E I N a n d o n . T h e n

X E n .

proof: A g a i n b y i n d u c t i o n .

L e t

s = {NEIN / i f x e n ,
t h e n xEn3 .

W e
w a n t t o s h o w

1 ) O E S

2 ) I f N E S , t h e n n ' t s .



1 ) 0 ¥ Remember 0 = 0

a n d s o t h e r e d o n o t e x i s t

X E 0 , s o t h e c o n d i t i o n

defining 5 h o l d s vacuously!

2 ) I f N E S , t h e n r i t e s .
-

w e w a n t t o s h o w t h a t

i f X e n t ,
t h e n × E n t

a s s um i n g t h a t i f x e n ,

t h e n X E n .



L e t x E n t . T h e n e i t h e r

i ) X E n
,

i n w h i c h c a s e ,

o u r i n d u c t i v e assumpt ion

g i ve s x E n E n t - n u E n } .

Therefore,
r e n t

o r

i i ) x E E n 3 . Bu t t h e n

X = n E n t = n u { n 3 .
-

w e h a ve t h e n s h o w n t h a t i f

h e 5 , t h e n n t e s .



S o b y t h e Pr inc ip le o f

Mathematical
I n d u c t i o n ,

s = I N . B u t r e c a l l t h a t

/N=S= {NEIN
/ i f x e n , t h e n xeng,

s o we ' ve establ ished t h a t

e v e r y N E I N h a s t h e property

t h a t i f X e n , t h e n X E n .

B



Proof o f 5 ) W e s t a r t o f f w i t h

n , m E I N . w e w a n t

t o s h o w t h a t i f

h t = m t , t h e n

n = m .

S i n c e i n t e n t ,

n u E n } = m u { m } .

W a n t t o s h o w m e n b y

show ing m e n a n d

n E m .



s i n c e n E n t = M t , w e k n o w

n E m U { m 3 .

S o e i t h e r

-

B y o u r l e mm a s ,1 ) m e n

M E N (second
lemma)

and n e o n .

B u t w e k n o w m e n f rom

assuming m e n .
There fo re ,

m u { m s E n

u n e

=
m t = h t by assumption..



T h i s y ie lds

n t e n .

B u t h t E n con t r ad i c t s o u r

f i r s t l e m m a s i n c e

n t = n u { n } a n d r e n t .

T h e l e m m a s a y s
t h a t i f

n e n t , t h e n n't ¢ n

s o w e h a v e a contradict ion .

W e a r r i v e d here b y i n i t i a l l y

a s s um i n g m e n , s o t h i s

assumpt ion m u s t b e false!



Hence, w e k n o w t h a t

2 ) m e n
-

B u t t h e n

n E n t = n't = m u m }

s i n c e m e n , E m } ¢ n , s o

n E m
✓

B y interchanging t h e r o l e s o f n

a n d n , w e c a n s h o w m e n .

W e t h e n conclude m e n .

A



Conclusion: O u r s t r a n g e s e t - t h e o r e t i c

d e f i n i t i o n o f 1 N

sat is f ies a l l t h e Peano

Axioms! w e would

l ike t o d e f i n e t h e

standard operations o f

a d d i t i o n , m u l t i p l i c a t i o n ,

e t c . o n 1 N u s i n g

i n d u c t i o n . W e need a

r e c u r s i o n r e s u l t i n o rde r

t o d o so!



theorem: (Recursion) L e t s be a

s e t a n d l e t XES , f : S → s .

T h e n F ! g : I N - 7 S s u c h t h a t

gco) = x a n d gCnt)=f(gin,)

t n E I N .

N o t e :
' 'F!'' m e a n s

' ' T he re e x i s t s

a
unique"

How w e u s e t h i s r e s u l t t o g e t ,

s a y ,
a d d i t i o n : 5 - I N

f- ( n ) =
n t t h e n .

I f M E I N . B y T h e o r em , F !

gm : I N - 7 1 N Wl Gmo)=M and

gment)=fCgmln))
=@men))t



S o f o r e x a m p l e , i f m = G ,

96 ( o )
= 6

9 6 ( 1 )
=g6(of)

=@610))
t

= Gt

= 7

9612) = 96C I t )

=(go(1)I t

= 7T

= 8

w e d e f i n e 6 t h = 964)



proof: l a t e r . . .



Definitions (addi t ion) L e t n , N E I N .

L e t f : I N - 7 1 N , f l u e n t .

W e i n d u c e , fo r e a c h m a n ,

a f u n c t i o n gem: IN-71N

f rom t h e Recursion Theorem

S u c h t h a t

1 ) g m ( O ) = m

2 ) g m ( h t )
= f ( g u n )

= @men,)t.

T h e n w e d e f i n e

@mt=gm h t N E I N



theorem: a ) A d d i t i o n o n 1 N i s assoc i a t i ve .

2 ) Add i t i o n o n
1N i s commu ta t i ve .

Ploof: s t a r t 1 ) : w e w a n t t o

s h o w t h a t ,
H m , n , K E I N ,

@ t h ) t k
= m t ( n t h )

U s e i n d u c t i o n o n K .

L e t

s = {KE IN / (mtn)tk=mt(nth)}.



s t e p 1 : O E S I f k = 0 , t h e

s t a t eme n t i s

@ t h ) t o = mtCn to )

@ t h ) t 0 = 9 mm ( o )
= m t n

s im i l a r l y, n t o = g n l o ) I n ,

S o w e g e t

(mtn)tO= m t n
= m t ( r i t o ) ✓

S o O f s !


