
Curvature

This is in section 13.3 for

curves in 3 dimensions
,
but

we will do it for 2
,
where

it is still interesting



Example I

-

:

any line

y=×

y=x
7

:
nature should be Zero for this

and any line !



Exampleid : circles

Curvature is the same at any point
on the circle ( rotational symmetry ) ,

depends only on the radius of the

Circle - smaller radius = bigger

Curvature



Parametric Tangent

for a parametric curve

fltt ( xlt )
, ylt ) )

,

the tangent line at t=a was

y4a )
=

y - y( a)⇒
a '

× - ×( a)

Can we define curvature to

be the rate of change of

the slope as we move around

the curve ? Doesn't work

for vertical tangents



Back to arclcngth :

t

LltkSaK@tePdsdL.d
t

1×4+112+6
'
( tip

> 0

If ×
'

, y
'

are never simultaneously

zero .

This means

that

the ardensth

is increasing ,
so L is

invertible



The definition
-

: If we translate

the tangent line to the origin ,

we can measure the angle

the line makes with the

x - axis
.

Call this o .

We can define the

curvature to be

@
where L= arc length .

dl

Makes the curvature independent

of parameterization .



Curvature Formula

0 = angle

fan ( alt ) ) = slope of line

= y
' Lt )

. It )

By chain rule
,

date date date
-

= day Fxttsftytti

: nature -

- date =.tl#adFt
Need : dhf

It



curvature
-

- date

jrftyaddf

Need : 10
It

But tanloits ) = Its
x. Lt )

So differentiate both sides .

Sealect , )d± =

XHIYYH - y 'Hlx' th

dt
-

W KAH
"

Chain rule

s.ec?CoLtD=lttan4octi)

= it lI¥ul
'

=

XHT t y
' #

'

Then



%÷ seat
,
.mx 'tw#ot" at

(×4th
'

( ×#HYlHy" His 'Hx" At⇒the 'ltD
'¥112

=

XHYYH-y.mx#(xitNt(y'ltDhcurvature=dFedoE.*utfF=xittiitttIittiIIYg



Back to Lines and Circles

Lines : Let y= mxtb be a line
.

Parameter ize as ( t
,

mttb )

X 'LH=l
, ylltkm

X "(t1=y" ( tl = 0 so
=o

curvature =

xktldt.ly#tx@((x'ltD2tb'ltH4"

= 0-(1
+maps

to -



If × = a is a vertical line
,

parameterise by

< a
,
t >

X
'
( t ) = O ,

X 'll -0=0

y
'
ill = I

, y "It )=0

and we again get that the

curvature is zero .



Circles : For simplicity
,

let'sonly

do circles with center ( 0,0 )

for 112+52=9
,

a parameterization

is X (E) = rcosct )
,

ylttrsinlt )

x. Ct ) = - rsinlt )
,

y
'
# = rush )

× "lt)= - rcoslt ) y
' 'lt)= - rsinltt

Curvature = xlltlylytl-y.lk/i#
(( x'H)2tb'ltH4

"

=
-rsintjfrsin-LD.no#frcos=

3/2

( r 's ;n4t ) trscostt ) )



=
- rsinlt )frsinhD -rcoslttfrcos
( r2sin4t)trZos4t ) )%

=

msn.Htr.us#(r2sin4t)tr2cos4tH3l2

me
= r2 ( sin

- (E) + ( oilt ) )

÷sinaltltcoict ) ) )
"÷÷m=÷=÷ -



Example 3
-

:

y=×2

Parameter .ae as Lt ,t
' )

×
'

a) =L , x "lH=o

y
' Lt )=2t ,

y "Ct)=2

Curvature = xktlylytl-y.lt/i#
(( x'H)2tb'ltH43

"

=
I . 2 - 2t . 0

⇐2+121312
= 2-

( It4t2Pk
Depends on the value of t



For example ,
at ( 0,0 ) ,

to ,

So the curvature is

2-

(1+01312
= 2

,

but
at ( 1,1 ) ,

t=l

and the curvature is

2 =
2-

- -3/2

( HUP
" s

\

Non Constant curvature .

What do you think the curvature

go to as t increases ?


