
Determinants

(Section 3 . 2 )

W e k n o w t h e r e a r e n o n z e r o 2 × 2 matr ices

t h a t a r e n o t i n ve r t i b l e . W e w a n t a

w a y t o group these matr ices
together

a n d quickly s e e whether they a r e

inver t ib le by calculating a single number:

t h e determinant!



Example 1 : (arbitrary 2 × 2 inverse)
-

A = [{db] .
A s h Wo l f r am

Alpha for t o e i n v e r s e .

According t o Wolfram Alpha, w e get

dI f.-'a) = A"
9 €
w h a t i f a d - b e =0 ?

L a t e r . . .



T h e n u m b e r a d - b e i s c a l l e d t h e

determinant.

Picture: C : *
Mult ip ly down diagonals, subtract

t h e

pepper right). (lower left) f r om

(upper l e f t ) . (lower right)

Q : w h a t d o e s i s t h i s n umbe r real ly

s a y i n g ,
geometrically?



Examples: Le t A = [ I } ] . Compute

detCA) and A-
'

,
i f possible.

Solut ions d e f (A ) = 1 . 3 - 2-2 = - / .

According t o t he formula,

A-'= adf.f.de 'ab]

A'=÷f:-i]
A-I [-3

2

2
-I]



C h e c h :

C : :X: :3
= ([I 2 ) i f } )

[ I 21-f?]

[231-f-f]

[233-
[2,))

= [3+
4

2 - 2

- 6 1 - 6 4
-3]

= [ 'o °,] ✓



Exampk-3: Le t A = [ I 2 ] . Compute

detCA) and find A", i f
possible.

So lu t i on : d e t ( A ) = l . Y - 2 . 2 = 0

S o the i n ve r s e formula doesn't apply.

How d o w e k n o w A-'won't exist?

U s e HW 3 w r i t t e n w o r n :

f i n d a non-zero ve c to r
F wi th

A f = [ 8 ) .
Then w e wi l l

k n o w A i s n o t invertible.



[ 'a 2141=1%+181

[ '2211'd:[ 'its:]
But [ I f ) fifth't:)

= [81
so A i s n o t inver t ible.

Note: [ a b ) - f-ba] = 0

fo r a l l choices o f a , b .



Geometric Interpretation

Back t o d o t products!

Recall: I f [ v , v , - - ra f f i s a

r o w v e c t o r a n d
W 'wa]=
E

is(in
a co l umn v e c t o r , t h e n t h e d o t

product F . u t i s

^

{Vi-Wi- r , w , t rawat.--think
i t I



Nota t ion : (11%112) .

I f Jo i s

e i t h e r a c o l u m n v e c t o r , w e denote
^

11511, = #=({w;)"i t

= magnitude of [ .

I f F r i s a r o w vector, w e get

118112 = f t



Reduction t o 1122

Observe t h a t i f f t a n d E a r e

v e c t o r s i n
112"

a n d they a r e n o t

sca la r multiples o f e a c h o t h e r , t h e n

t h e i r linear combinations (span)

generate a plane. I f they

a r e multiples, t h e i r l inear combinations

generate a line i f o n e v e c t o r i s

n o n z e r o . S i n c e w e c a n d o ca lcu lat ions

i n a plane, w e w i l l reduce questions

a b o u t t h e do t product t o 112?



Step l '. U s e r o t a t i o n s t o m o v e o n e v e c t o r

t o t h e X - a x i s

Picture:

÷¥¥
¥⇒i"""

to get t o x . a x i s

T h i s preserves t h e angle between
i t and I .

I t a l s o preserves t h e d o t product!



Wh y t h i s w o r k s , algebraically'. W e

k n o w c o u n t e r - c l o c k w i s e r o t a t i o n s

a r e implemented by

Ace-- (Costa) -since,]
s i n c e ) C o s c a

c l o c kw i s e would counter-clockwise by - 4

A-a - [Ost-el -s ine-e )
s i n f u l

coscies]

A - a - [costa)
since)

- s i n c e )

cosca]

Also n o t e : A-a-- Af -Af



Compute

(A-e't)t-(Aiea)

= (ft)t Ate A. put (transposeproperty(AB)'IBtat)

= T . Ate A-ie ni
u

I z since Af's Af

= T- wt .
T h i s s a y s

r o t a t i o n s preserve d o t products.

s o I c a n a s s u m e i t , s a y , i s

o n t h e x - a x i s .



step 2 : D r a w a picture

i t

t÷÷
Q = angle between f t and E .

F ind a formula fo r -0 involving

do t products!



W e know t h a t E i s o n t h e X - a x i s ,

s o w e c a n w r i t e

i f = [Xo] for a nonze ro × .

Observe t h a t t h e a n g l e between i t

a n d i t is the s a m e a s t h e angle

between r i t a n d a n y positive multiple

o f i t . W e c a n t h e n a s s u m e

o u r picture l o o k s l i k e

pot
r¥ ÷



t . i t
coscotands

I f E=[ I ] a n d Tt:[§),

a d j = X

hyp=X2ty2

s o Cosco)=}¥y, = 1¥41,



Since I = ( f ) and

f t = (Tg) ,

T . E = [ x y ) . ( f) = x2

s im i l a r l y, 11011, = A t = X .

Subs t i t u t i ng ,

Cosco ) - ¥5, =,,¥tyJ×¥rth,

cosioe.fi?T#



O b s e r v e t h a t i f l e t c > o ,

t h e d o t product fo rmu l a w o u l d be

by substituting¥f%°¥q,
c o t o r o .

=¥Ei#*.
= "Fifty,-cosio)



T h i s formula w o r k s for

arbitrary ve c t o r s i n LR":

i f T and E a r e ve c to r s

i n 112", t h e ang le 0

between t h e m i s given by

coscor-i.EE#

General i d e a : d o t products give

you angles
between

vecto rs



Ba c k t o Determinants:

Let A : [ { I ] .
Suppose d e tCAF a d - b e f- 0 .

T h e n n o c o l u m n o f A c a n

be a m u l t i p l e o f t h e other

c o l umn , s i n c e i f

A : [ : I : ] o r

A- = [ "nbd I ] ,
then d e f e a t : O .

( K i s a scalar)



Plot t h e c o l um n s .

o f¥#¥
¥"d"""

parallelogram

By adding [ { ] t o [bd],

you get a parallelogram.



t ± .
Compute t h e a r e a o f t h i s

parallelogram!

Area = (width)-(height)

because



o÷t¥÷÷

Cut o u t a r i g h t t r i a n g l e , m o v e

i t o v e r t o t h e o t h e r s i d e , and

w e get a rectangle!

Area =
(width)-(height)

w i d t h : I l Cbd]lb= F t d

height?



(E)

1 ¥ I'd]

Using the definit ion,

Cosco) = aids =
a d i
11Collella

=:a÷e..

a d j = (O s l o ) ¥ 2
w

u s e dot product
fo rmu l a



a d j = (O s l o ) ¥ 2
~

u s e dot product
fo rmu l a

✓ t
= ( E ) , E = Cbd]

Cosco) =
F I
115112115112

cos#%:iE¥
co s t a =¥¥'aaF

subs t i t u t e



height = Opp ,
b u t by

the pythagorean t h e o r e m ,

(opp)'t @di)2= (hypf

Opp't
¥9,2 = a2tc2

Opp? a n d - µ¥d[

ma t e c o mm o n denominator :

opp'=
(a'tiKbjtq%-
ab#



Opp's
Cattikbagdaga
bt

opp's
¥i5tidtg¥}aF#2ad

Opp's
ib2tya.tt#2ab
cd}

Perfect s a c a r e

opp? laffabc.P
L.

Ta k i n g squa re r o o t s ,

Opp = ladj-blad.be could
b e negative)



Opp = he i g h t o f parallelogram, s o

Area = (width) (height)

area-of.la?E#-
Area=lad-
bcl=ldetCA=So/
detlA1l i s t h e a r e a o f

t h e parallelogram determined

by t h e co l umns o f A .



1st c o l umn o f A = A [ 'o]

2nd c o l u m n o f A = A [ Q ]

t±÷E¥¥¥.
[ 'o]

Area o f square = 1 Area o f parallelogram

= I detCA) I



T h e m a t r i x A i s changing t h e

a r e a o f t h e s q u a r e , a n d D e t ( A l

t e l l s y o u h o w m u c h i t i s changing.



W h a t i f d e f l a t e 0 ?

A : [ { I ]

a d - b e = 0

So a d = b e

t f ,
t h e n

D =
ba
d

= ( f ) c

a n d b=a¥= @al.a

S o t h e second column i s

a mu l t i p l e o f t h e f i r s t .



A- = [Ebay
a n d a d - b c = o , s o since a = o ,"÷:
÷:

bc = o .

s o e i the r b = 0 o ¥ .

I f ¥

I f ¥ ,

A:[98).



A
> ?

where d o e s thecontent
square go?

Case 1 : a t 0 . T h e n w e
k n o w

-

A = [ { ¥!)
for s o m e

s c a l a r K .

[9) =A[ 'o)

[If]=A[9] ,
s c a l a r multiples!



s o t h e s a u c r e g o e s t o e i t h e r

¥1"'"
(4> o )¥¥

No parallelogram, s o n o area!



Casey: 9 = 0 , c = o

A : [ : : ]

[8) =A [ 'o)

[bd): A [ 9 ]

N o w o u r picture l o o k s l ike

µ No area!



Casey: 9 = 0 , b : O

A:[Edo]

[ i t . Act)

(L ) = A [9 ] again multiples
o f eacho the r 1,

+
Again, n o area!



S o i f d e t CA FO, t h e s q u a r e

gets c rushed t o a fine segment

o r a po i n t ( ze ro m a t r i x ) a n d

the result ing geometric shape has

Z e r o a r e a .



w h y detCA)=O m e a n s Noninvertibility

Le t s t a k e o u r 3 c a s e s f o r

A- = ( { I ] a n d a d - b e - O .

Caseliato A : [ { I : ]
Let ni-f,")F[8]

[ a h a ) f-4,] =
- a u t a u - - O

[ c h e ] [-,"] = - c a t c h : O



T h e n

I :D-f i t
= [a

k ac u l t i f f : ] .
So i f = f- K,] i s a n o n z e r o

v e c t o r w i t h A F =[8].

By H W , A cannot b e

inve r t ib le .



Case2:a=o,c#

A:[8'd]
F - (b) +181

A [ f ) =
1st column o f A=[8]

So aga in , A c a n n o t be inver t ib le .



(ase3:a=o,b#

A : [ i f ]
I f A = [ 8 f ] , t h e n

A T = [8] for a n y n o n z e r o i t ,

a n d s o i s n o t invertible.

I f A t [ 8 8], then

n i , f-f] t [8) gives

A T = [ 8 ) . So A- i s n o t

invertible.



3 × 3 m a t r i c e s

a b c

d c fA --f, n
i)

Define d e t t A ) =aeitbfgtcdh-
ceg-afh-bd.LU

Where d id t h i s c o m e from?



Repeat t h e f i r s t t w o c o l u m n s o f A

: * : * :*
Multiply d ow n diagonals, s ub t r a c t

t h e r e d products f r o m t h e b l u e

products.



Exampled: Let A- (b -5
2 64
)-1 1 8 0

Compute detCA).

Solution: w r i t e

I 5 6 I 5

: ¥¥* :
Det ( A ) : O - 2 20+144

- 1 3 2 - 3 2 - O

= - 2 4 0 ✓



General D e f i n i t i o n

Permutations A permutation o n t h e

n u m b e r s 1 , 2 , 3 , . . . , n i s

a funct ion t h a t assigns,

t o e a c h w h o l e n umb e r l e s s

t h a t o r equa l t o n , a

-

whole n umb e ru n i q u e

l e s s t h a n o r equa l t o n .



Example-5: pictures!

n = 2

I a ¥ I

2
' N o 2

o r

: * :



n = 3

2 oi:÷÷:• 3

:⇐÷:
3

plus fou r o t he r functions!



T h e s i g n

Any permutation c a n b e decomposed

a s a product o f transpositions,

whe re a transposition i s a

permutation
t h a t m o v e s only

t w o n um b e r s . I f f i s a

permutations, de f i n e

s i g n ( f ) = C- 1 )
n u m b e r o f transpositions in f

s o signal i s e i t h e r I o r
- I



General Def in i t ion

I f A i s a n n m m a t r i x ,

n

A- = (Ain),,u=, ,
t h e n

i f Sn deno tes a l l permutations

o f { 1 , 2 1 3 , . . . , n } , define

"det(A)=§nignlf)-
Al,fNA2,fbi"An,fln÷§



Determinant Properties

Le t A , B be n x n ma t r i ces

1 ) I f A i s d iagona l ,
i . e . ,

n

A- = (Ai,k)i,u=, a n d Ai,u=0 i f it-k,

t h e n

detCAKAyiA22-A313-
n.iihn.in

I n particular,

d e t ( I n ) = /

d e t c o n ) : O



2 ) Det ( A B ) : d e t CA)-det CB)

3 ) A i s i nve r t i b l e precisely w h e n

d e t l A ) #O. I n t h i s c a s e ,

detCA") =
I
detCA).

4 ) d e t ( A t ) = Det ( A )



You m a y u s e t hese properties

freely a n d w i t h o u t penalty

fo r t h e r e s t o f t h i s course!


