
Diagonalizabilitgy

(sections 3 . 3 a n d 8 . 2 )

W i s h : every m a t r i x i s d i agona l !

We ' d w i s h t h i s because finding dete rm inan ts

i s e a s y f o r diagonal
ma t r i c e s , a n y t w o

diagonal m a t r i c e s c ommu t e w i t h respect

t o m a t r i x mult ip l icat ion, a n d m o r e .

Clearly t h i s isn't a r e a l i s t i c w i s h ,

s o w h a t c a n w e w i s h for?



Diagonalizab-ity

L e t A b e a n n m m a t r i x . w e

s a y A i s diagonalizable i f

t he re i s a n invert ib le n x n m a t r i x

S and a diagonal n m m a t r i x 1)

w i t h

A=sis#



Q : I s e v e r y n x n m a t r i x diagonalizable?

A : NO! n o t e v e n fo r 2 × 2 m a t r i c e s . . .



Example : L e t A : [ 8 'o].
Suppose A w a s diagonalizable,

A = S D 5 ' wh e r e D =
[do'd:].

Ca lcu la t ing t h e eigenvalues o f A ,

d e t (A-7%9])

= detl [I-i,])
= i n .

Sett ing t h i s e q u a l t o z e r o , w e

s e e t h a t 7 = 0 i s t h e o n l y

e i g e n v a l u e o f A .



B u t

I = d e f (A-X I s ) = dot(SD5 '- I I , )

= do t (SD5'-755)

= det (SDs"-ASI,5')

= detts ( D - X I a)5)

= de f l ade t ( DA Ia) deff5')

= detts) def f D -D I D ¥ ,

= diet (D-712)

= d e t ((% %)-["of])

= de t ([d' Idf,])



= ( d i - 7 ) (da-X)

s o 2 2 : ( d i - 7 ) (da-X),

w h i c h implies d ,=dg=0.

T h e n D = (died:)=[881,

a n d s o i f

A- = SDS", t h e n

[81=518815'

[80']=[88),
wh i ch i s n o t t r u e !



T h i s s h o w s t h a t A = [81]
i s n o t diagonalizable!



Q : w h e n i s a m a t r i x diagonalizable?

Unfortunately, there i s n o re a l l y good

a n s w e r t o t h i s ques t ion , i n t h a t

a l l condit ions a r e s e em i n g l y a s

h a r d a s diagonalizability t o check .



Linear Independence, Bases, a nd Dimension

A co l lec t ion o f v e c t o r s 5 i n

a v e c t o r space
V i s sa id t o b e

l inear ly independent i f n o v e c t o r i n

5 i s a l i n e a r combinat ion o f o t h e r

vec to r s i n S . W r i t t e n formally,

i f I , ,-42, . . . , I n E S and

there a r e s c a l a r s C i , C a , . - - , L n

÷÷÷÷÷i÷÷
÷.t h e n C,=c2=

- - - = Can = O



A su b s e t B o f V i s called

a basis f o r ✓ i f b o t h

1 ) B i s l inear ly independent

2 ) s p a n ( B )
= V .

Finally, w e c a n def ine t h e d i m e n s i o n

of ✓ t o b e t h e n umb e r o f

e lements i n a b a s i s , denoted dimlv).

I f ✓ h a s n o f i n i t e b a s i s , w e t

s e t d i m l v ) : a s
-



A s i d e : (summing u p spans) We n o w

h a v e t h e t e rm i n o l o g y t o s a y :

1 ) I f T = 0 v , t h e n spantv) i s

a point, a n d Z e r o - d imens iona l .

2 ) I f f t O r r , t h e n spancut i s

a l i n e , a nd one-dimensional.

3 ) I f T t Outw, then

span ( { i t , 53) i s e i ther a

l i ne (one-dimensional) o r a

plane, and
t w o - dimens iona l .

4 ) Given th ree n o n z e r o ve c t o r s

✓ , E , a n d I ,
t h e n

s p a n ( { E , E , 5 3 )
i s



e i t h e r a l i n e (one-dimensional),

a p lane (two-dimensional), o r

t h re e - dimensional.



Eigen s p a c e s
-

I f A i s a n n o n m a t r i x and

2 i s a n e igenva lue o f A ,

d e f i n e t h e eigenspace E , E IR"

t o b e

fxifxc.IR/Ax=7x3#

Note ' . he re ,
I = E i s a l l owed ,

a n d Ey i s a subspace o f 112".



Cr i ter ia f o r Diagonalizability

L e t A b e a n m i n m a t r i x .

T h e n A i s diagonalizable precisely

w h e n e i t h e r o f the following t w o

conditions h o l d !

1 ) T h e r e i s a b a s i s B for 112"

consist ing o f eigenvectors o f A .

2 ) for a l l eigenvalues 8 of A,

d i m ( Ey ) = t he n umbe r o f factors

o f ( 2 - 8 ) i n
✓

d e f f A-X IN )
geometric
mult ip l ic i ty o f 8

✓
algebraic multiplicity

o f 8



Bu t . . . neither o f t h e se cond i t i ons a r e

particularly e a s y t o c h e c k . W e

w a n t a cond i t i on t h a t i s e a s y

t o c h e c k , a n d impl ies diagonalizability.



Symmetric a n d Orthogonal m a t r i c e s

A m a t r i x AEMna r l i s s a i d

t o b e symmetric i f

AIatu
A m a t r i x O E M N I R ) i s s a i d

t o b e Orthogonal (NOT usua l ly

a n "orthogonal projection") i f

0 t # I ,
i . e .

,

Ot , O ' .



Orthogonal Diasonalizability

I f A i s a n n x n symmetric

m a t r i x , t h e n t h e re i s a diagonal

m a t r i x D E MnC l R ) a n d a n

n x n orthogonal m a t r i x 0 w i t h

A ¥ µ
So symmetric ma t r i c e s

a r e n o t on ly

diagonalizable, you c a n choose t h e

invertible m a t r i x t o b e orthogonal.



Examples: Let A = [ I -34].

T h e n A i s symmetric.

Orthogonally diagonalize

A .

Solution'. T h e d iagona l m a t r i x D w i l l

h a v e t h e eigenvalues o f A

O n t h e diagonal, s o let's

c a l c u l a t e t h e eigenvalues:

det(A-XIA)
- de t ( [ '311-(Ig))

= de t ((I-7
3

3
-u-x])



= ( i -211 -4-7 ) -9

= 7 2+3 7 - 1 3

S e t e q u a l t o z e r o :

0=1,21-32-13

U s e q u a d r a t i c fo rm u l a .

X -3±F¥
7=-3%19



According t o Wo l f r a m Alpha,

t he eigenvectors a r e

[5¥61

For x p
-31¥61, f,> (5¥

61)

for x . =-3¥ , vj=[5¥].



T h e n

A:[
',-31=0 Do t

71

whe re D= [3¥
61

o

o

-3¥)

a n d

O =
[5¥6
1

5,1
¥],

"

" i"



Oto--
[5¥

I

5¥
i)"

[5¥ 5¥']

{It
(51¥)' *

*
i t

(5¥'
D

whe re

* =
(5¥)-(5¥) t 1



S o

* = ¥ (25-61) t f

* = -3361ft I O .

T h e n
0Oto-114

5¥)' 0

145¥'
)]

F I 2

So O i s N O T orthogonal!



Easy f i x :

replace
VT and Vj w i t h

u n i t v e c t o r s

5 , - I
11911,

I
WI = VI

11%112.

T h e n
A= 0 D o t

w i t h D a s before and

0=10, wi].



Ob s e r v a t i o n s : feigenvalues
a n d eigenvectors)

I f yo u c a n diagonalize A = SDS",

then i

1 ) T h e diagonal e n t r i e s
o f D

a r e t h e eigenvalues o f A ,

appearing a s m a n y t imes a s

t h e i r associated
factor o c c u r s

i n de tCA-X IN ) .

2 ) T h e co lumns o f S w i l l be

eigenvectors f o r A , corresponding

t o t h e eigenvalve i n t h e s a m e

c o l um n of D . i . e . , i f



S = ['s, I..-si]
X , 4 2

' - ' N n

eigenvectors


