
Eigenvalues a n d Eigenvectors

¥ i ¥

w i s h : I w i s h e v e r y
m a t r i x w a s

diagonal! T h e n finding

i n ve r s e s , determinants, products,
e t c .

w o u l d b e easy! Eigenvalues

a n d eigenvectors he lp u s ge t t o

t h i s goa l .



Eigenvalues a n d Eigenvectors

Let ✓ be a v e c t o r space ,

T : ✓ → V a l i nea r transformation.

T h e n a r e a l n umb e r X i s a n

eigenvalue for T i f there i s a

n o n z e r o v e c t o r × E V w i t h

Tx)=Xxµ
W e c a l l × a n eigenvector

associated t o 2 .



Linear Transformations f r om
112"

t o lR^

-

I f T :
112^-7112" i s a linear

transformation, w e k n o w the re

i s a n n m m a t r i x A w i t h

1 - ( I ) = A i x fo r

a l l (column) ve c t o r s £ i n
112?

Because o f t h i s , t h e eigenvalues

a n d eigenvectors o f T w i l l equa l

those o f A , s o w e c a n always

reduce t o ma t r i c e s i n t h i s c a s e



Exampleli (diagonal m a t r i x ) L e t

7 O O

A - [o 8 0] -

O O 0

Remember t h a t i f I , = [to],
Eg: [ I ] , E, = [8 , ] , then

A E, = l't c o l u m n o f A = (Io) = 7 5

A E , =
2nd co l umn o f A = [§] = 882

A Ez =
3rd c o l u m n o f A = [§):

O-ej



W e s e e t h a t 7 , 8, and O a r e

eigenvalues for A ,
w i t h associated

eigenvectors E . , Eg, a n d e j , respectively.

Obse rve : Z e r o c a n b e a n eigenuate!
-

for diagonal ma t r i c e s , w e c a n always

read o f f the e igenva lues from the

diagonal e n t r i e s , a n d t h e standard

b a s i s w i l l a lways b e eigenvectors.



Example2i (non-diagonal ma t r i x )

L e t A=[I}].
I f w e t r y t h e s a m e t r i c k

a s i n Example I ,

A E = [ } ] ,
n o t a multiple o f f

A- e j = (&] , no t a
multiple of et.

W e a r e l e f t t r y i n g t o so l ve

A F e l i x without knowing

w h a t w e should c hoo s e fo r £

o r 2 !



Determinants t o t h e Rescue!

I f A I = 7 5 , t h e n

writing X X = X I n k , then

A E = 7 I n k .

Subtract ing 7 I n k f r o m bo t h sides,

A I - X I N I
= 8

,
and

factoring o u t a n I ,

(A-7In)I=Oµ#



I f (A-XIN)I=8 fo r

s o m e non-zero
¥ ,

t h e n

A - X I N i s n o t invertible!

I f A - T I N i s n o t invertible,

t hen det(A-xIn)=0#

T o f i n d eigenvalues fo r matrices,

w e w i l l just s o l v e

det(A-XIN)=0

for X -



B a c k t o Example 2

A:['s}]
A - X I , = ( f f ) - ( I 9)

A - T I , = (t-X
2

3
u-x]

d e t (A-7 I s ) = (I-al la-a) - 2 3

d e t l A - X I 2) =
7 2 5 7 t u - 6

d e t (A- 7 1 2 ) = 22-57-2.

Set e q u a l t o z e r o and so l ve

f o r 7 !



0=72-57-2

Us e t h e quadratic formula!

i f = 5±#Tµ

7=5129
a r e t h e eigenvalues o f A !

Chech us ing Wo l f ram A l p h a .

Ju s t type i n t h e m a t r i x . . .



Ex-ample3: (complex eigenvalues) Le t

A - Go to].
Find t h e eigenvalues o f A .

So lut ion : A - X I , = Eff)- ["of]

A - 7 1 2 = [? I ] .

d e t ( A -X I a) = C - 7 )
2 - ( D t i )

d e t ( A - 7 1 2 ) = 22 t /

Se t t i ng equa l t o z e r o ,



O = I t I

2 2 = - 1 ,
s o

x = ± I
T h i s s h o w s t h a t , e v e n fo r mat r ices

w i t h rea l e n t r i e s , complex numbers

a r e u n a v o i d a b l e w h e n i t c ome s

t o eigenvalues.



Examplelli ( 3 × 3 ) ( I c ) , section 3.3)

A- = [7
o - y

0 5 O)
5 O - 2

find a l l eigenvalues o f A .

S o l u t i o n : A - X I , = [7
O -4)

o 5 O

5 O - 2

-[7
o o

o x o)
o o 7

A - X I ,
i [7-7

O - 4

O 5 - 7 O

5 O

-2-x]



de t ( A - X I 3) =

÷÷¥#¥÷:
5

= (7--7)/5-xx-2-x)-l-4115115-7)

= (5-X ) ((7-2)(-2-71+20)

= ( 5 -X ) (72-57-14+20)

= ( 5 - x ) (I-571-6)

= ( 5 - 7 ) ( X- 3 ) ( 7 -2 )



se t t i ng equa l t o z e r o ,

O = (5-7117-3) (X-2 ) ,

s o 2=5,3%1



What a b o u t eigenvectors?

Supposing y o u k n o w t h e v a l u e

o f a n eigenvalue X
,

t h e n

w e c a n substitute i t i n t o

(A - X i n ) I = 8

a n d s o l v e fo r I .
I n the

previous example ,
substituting

4 = 2 g i v e s

A - 2 1 3 i [7-2
O - y

0 5 - 2 O )
5 O - 2 - 2

= [5
o

- 4
0 3 O ]
5 O

- U



w e s o l v e

5 O - 4[03011%1=1%1
5 o - 4

A - X I N i s n e v e r i nve r t ib le

i f X i s a n eigenvalue, s o

you're l e f t w i t h r o w r e d u c t i o n :

mall'?!}}
for o u r example,

I 0

RR#5
o - y

0 3 O i

5 o - y
i 0



But Wo l f r am A lpha gives u s eigenvectors

w i t h o u t e v e n a s k i n g , s o w h y d o this?



E x±5 " Let A = [3
- t

- t 3] .

T h e eigenvalues o f A a r e

7 7 1 0 a n d 7 , = - 4 .

C h e c k
t h a t [

- t ] i s

a n e igenvec to r
associated t o 4 ,

a n d [ ! ] i s a n e igenvecto r

associated t o 7 2 .

3 -7) -f ! !)so lu t i on :
A - 1 0 1 2 " ( - 7 3

= [7
- 7

- 7
-7]



(A-10121ft):[II. I f : ]

= L : ) -
Let's t r y a different method fo r 42=-4:

AC'd:[3. IN : ]

= [If]
= - u [ 'il

= 7 2 [ i ]


