
Invertibility
(section 2 . 4 )

A n n m m a t r i x A i s s a i d t o b e invertible

i f t h e r e i s a n n m m a t r i x 13 s u c h

t h a t

A - B = B - A = I n

w e w i l l c a l l a n n x n m a t r i x a square

m a t r i x .

Q : w h y i s t h i s o n l y fo r square

matrices?



Suppose A i s m x n . T h e n

A . B = I n .
w w

m e n n x m

w

B u t i f M t n ,

B - A = I n
w

~

h i m
m x n

S o B - A # A ' B .

Bigger problem: i f n > n , t hen

B w i l l mult iply n o n z e r o v e c t o r s and

give t h e z e r o v e c t o r .
S im i la r l y, i f n > m,

t h e s a m e phenomenon
happens w i t h A .



Since f o r a n y v e c t o r i t i n 112",

I n . I = Tr, t h i s t e l l s

y o u t h a t A c a n n e v e r

s a t i s f y A . D = I n a n d

B - A = I n .

further questions. I s e v e r y n o n z e r o n m

m a t r i x invertible?



Examplet i L e t A = [ 8 ! ] = 9 , 2 .

I s A invertible?

So lu t ion : suppose B = [ { f t ] and

A - B - B - A = I a .

A . 1 3 = 1 2

[8%1]=1::]
r n

[ 8 f ) =[ 'oo,]←



Since O t t , [8 'o) i s

no t invertible!



S o n o t e v e n e v e r y n o n z e r o n x n

m a t r i x i s i n v e r t i b l e . We'd like

t o be a b l e t o d e t e r m i n e wh e n

a n n m m a t r i x i s i n ve r t i b l e

O r n o t . F o r n o w , w e a r e s t u c k

w i t h actually t ry ing t o exhibit
a n

i n v e r s e .



Row Reduct ion a n d I n v e r s e s

suppose A i s a n n x n inertible m a t r i x :

w r i t e A-'=[v, i s -
- - in],

where e a c h VI. i s a n n x l column

v e c t o r , I L i e n .

T h e n s i n c e AA"=Iµ
A-T, = 1stcolumn o f I n = I

A . Vj =
2nd

c o l um n o f I n
=eJ

i
,

i
;

A . j = nth c o l umn o f I n = En



Writing a s augmented matrices,

[A i r ]
[Aiea)

:
I

[A' i i n ]

Row reduce!



Since t h e coeff icient m a t r i x i s

a l w a y s A , w e a lways d o the

s a m e r o w r e d u c t i o n . So w e

c a n w r i t e a l l t h e s e augmented

m a t r i c e s simultaneously a s

[A "EE...-in]
= [A: I n ]

a n d r o w reduce th i s ! I f you

get a s o l u t i o n , A i s invertible,

and t h e r o w - r e d u c t i o n
w i l l yield



[ In 'i
. A"] .

I f A i s n o t invertible, n o

s o l u t i o n e x i s t s .



Exampl-e2: f i n d t h e i n v e r s e o f

A:[by -36, %) , i f

i t e x i s t s .

Solution: s t a r t w i t h a giant augmented

m a t r i x

[ A i. I s ]

= [I
- 3 2 l I o o

2 6 8
'

,
0 I
0
]! 0 0 14 I 5

Row reduce!



f rom Wo l f r a m Alpha:

I 0 O
' - ' 14

' '7/889/22

[o i o i - Y u 3188
Y
)

O o 1 ! '14 13/88-3/22

I T

A i s inver t ib le , w i t h

- Ya "7/889/22•A- '--[Yu 3188422

'14 13/88-3/22



Wo l f r a m A lpha
-

J u s t type i n t h e m a t r i x ,

i t w i l l t e l l y o u w h e t h e r

t h e m a t r i x i s inver t ible o r n o t ,

and f i nd t h e i n v e r s e ( i f i t can).



I n v e r t i b i l i t y a n d sys tems o f

L i n e a r Equations

Remember t h a t , given a s y s t e m o f

l i n e a r equat ions, w e turned the s y s t em

i n t o a ma t r i x - v e c t o r equa t i on

]

A T = b

w h e r e A i s t h e coe f f i c i en t matrix,

✓ i s t h e c o l u m n ve c t o r o f variables,

a n d
b-

i s t h e co lumn v e c t o r o f s o l u t i o n s .



We solved t h e system b y row-reducing

t h e augmented m a t r i x

[ A ! I ] .
But i f A i s invertible, there i s

a n o t h e r w a y t o s o l v e : multiply

b o t h s ides o f A i r = 5 by

A" o n the l e f t .

A:'(Air)-A'is
i n

ftp.AI.v = A"-5
u r

I n - f = A"-5



T h e n T - A ! 5 , and

you c a n r e a d o f f t h e s o l u t i o n s

t o t h e or ig ina l l i n e a r s y s t em o f

equations us ing t h e components

o f A- ! 5 .



Example-3: f ind t h e interpolating cubic

t h r o u g h t h e po i n t s ( 1 , -2),

( 2 , 4 ) , C - l , 6 ) ,
a n d

(-3,19) .

Solut ion: System o f l i n ea r equations f i r s t .

O u r interpolating cubic looks l i ke

a x 3 t b x 2 t c x t d= y.
Plug i n t h e points

(1,-2): a t b t c t d = - 2

(2 ,4 ) : 8at4bt2ctd= 4

C-4 6 ) : - a t b - c t d = 6

(-3,19): - 27A t a b - 3 c t d= 19



a t b t c t d = - 2

8at4bt2ctd= 4

- a t b - c t d = 6

- 2 7A t a b - 3 c t d= 19

Wr i t e a s A i r = 5 where

⇒ ÷÷÷
÷I

l I I

A - (d.
" "

I 2 U 8

I - 3 9 - 2 7

Q ' . I s A invertible?



Wolfram Alpha s a y s "yes", s o

✓ = A". 5

stuff's:'):[!]
T h e interpolating polynomial i s

y=y3x3t5§i-'¥x¥µ[

checked!



Proofsbycontradiction

Prove a mathematical s t a t eme n t by

assuming t h e nega t ion o f w h a t

you're t r y i ng t o prove. Reason

f r om t h i s assumption t o

something y o u k n o w t o be false;

t h i s i s cal led a cont rad ic t ion .

Yo u then k n o w t h a t , s i n c e t h e

assumption y i e lds fa lse informat ion,

y o u r original conclusion
m u s t b e

t r u e .



Exampled: (uniqueness o f i nve rse )

s how t h a t inverses, i f they ex i s t ,

a r e u n i q u e .

S o l u t i o n : L e t A , B , C b e n x n ma t r i c e s

w i t h

A- i s invert
ible,{

A-13=13-A = I n
w i t h t w o
i n v e r s e s

A -C - C - A = I n

suppose t h a t B t c , i . e . , w e a s s u m e

t h a t i n v e r s e s a r e n o t u n i q u e .



T h e n

B = B . I n = B . ( AC ) w e
assumed A .⇐ I n

= ( B A ) - ( associativity o f m a t r i x

multiplication

= ( I n ) -C w e
assumed B ' A - I n

= L

T h i s contradicts o u r assumption t h a t B t c .

S o t h e assumption t h a t B t c m u s t be

i n e r r o r , w h i c h implies t h a t i t i s

fa lse . I f i t i s false, i t s negation

m u s t b e t rue , a n d s o i n v e r s e s a r e

u n i q u e ( i f t h e y exist) .



Properties o f I n v e r t i b l e
m a t r i c e s

1 ) Products : Suppose A , B a r e n x n

inve r t ib le m a t r i c e s . T h e n

A - B i s a l s o inver t ib le

proof: ( d i re c t ) I c l a i m t h a t t h e inve rse

o f A B i s B-! A''

c h e c k : (AB)-(B-'A'
' )

=
A-(B'15')-A" associativity

= A-(In)-A' B invertible

=
(A-In)-A-t associativity

= A-A-t = I n A invertible



T h i s s h ow s AB - ( B - '-A-1) = I n . A

s im i l a r c a l c u l a t i o n s h o w s

(B"-A-l)-IA-B)= I n , s o B"-A"
i s t h e i n v e r s e o f A . B . T h i s i s

u s u a l l y expressed a s

A- 'BT't B-'-A"

2 ) Transposes

w h a t i s t h e transpose?

Given a n m x n m a t r i x A , t h e

transpose o f A , denoted b y At,
i s t h e n x m ma t r i x obta ined b y

interchanging t h e r o w s o f A w i t h

i t s c o l u m n s .



Examplelli Let A=[3 1 5 2

8 11 6

31
]

Find A t .

So l u t i o n : a t =
- 3 8

1 11

5l.:L
f T

1st r o w o f 2nd r o w o f

A becomes A becomes

l ' t co lumn o f
2nd co lumn of

a tA t



A n important property o f transposes

i s t h a t i f A i s a n m x n m a t r i x

a n d B i s a n a x l e m a t r i x ,

(A-B)t e Bt.at

Using t h i s fac t , let's s h o w : i f A i s

a n n m inve r t ib le ma t r i x ,

th
enthe i n v e r s e o f A t i s t h e transpose

o f A' '.

Chech : At.(A")t= tf!-1ft
L

B=A''

= (In)tA invertible

= I n



S im i l a r l y, w e c a n s h o w

(A-'5. Ate I n

T h i s gets u s t h a t t h e inverse o f

A t i s t he transpose o f A".

T h i s i s usually expressed a s

Cat)-'ya-gt

These facts a r e yours t o u s e fo r t h e

r e s t o f t h e c l a s s whenever necessary.



Q : I s the re a w a y t o c h e c k w h e t h e r

a m a t r i x i s inver t ib le?


