
PageRanly

(section 3.3-kind o f )

Google's Original S e a r c h A lgo r i t hm

I n a paper by B r i n t Page

(the founders of Google) from

1998. Since been improved

from i ts original framework.



Step l ' . M a k e a n n x n m a t r i x A w h e r e

n = t h e n u m b e r o f w e b p a g e s ( o r 1 ' s )

i n e x i s t e n c e ( r 1,5 bi l l ion),

a.÷÷÷÷÷÷
÷÷⇐

page i

By convention, a page doesn't
l i n k t o

i t s e l f .



Exampled: ( 3 pages) Given pages

P l , Pd , and P 3 , suppose

P l l i n ks t o ①3

P 2 l i n k s t o P l

P3 links t o P l and P 2

Picture: p l(p,§P2



Then
Pl p2 P 3

A - (8 o':)
I O O



Step 2 ' . A d d t h e e n t r i e s o f t h e lath

c o l u m n o f A f o r a l l 1 1 k E n

a n d d i v i d e t h e Air, e n t r i e s

o f A b y t h i s n u m b e r . C a l l

t h i s n e w m a t r i x B .

Bach t o Example I i

i l

A:[988)
sum o f entries i n c o l umn I = /

s um o f e n t r i e s i n c o l u m n 2 = I

s u m o f e n t r i e s i n c o l umn 3 = 2



C a n l eave e n t r i e s i n co lumns / a n d 2

a l o n e , d i v i d e the e n t r i e s i n co lumn

3 by 2 t o g e t B :

13=18,8%
59

Note: t h e ent r ies i n e v e r y c o l u m n o f B

a d d u p to o n e .



Problem: W h a t i f a l l t h e e n t r i e s i n o n e

c o l u m n a r e Zero? T h e n

w e ' r e dividing b y Z e r o . . .

So l u t i o n ' . Change a l l t h e e n t r i e s i n t h a t

c o l u m n t o o n e s . W h e n

constructing 13, t h e e n t r i e s

w i l l n o w b e Yn w h e r e

n i numbe r of Webpages.

A s n - s a , K - 7 0 ,

s o t h i s i s (somewhat)

representative o f t h e original

m a t r i x i f n i s l a r g e .



Step 3 ' . B u i l d i n t h e possibility t h a t people

w i l l randomly s t a r t t h e i r sea rch

o v e r w i t h probability 1-d (usually

D = . 8 5 ) a n d l e t C be the

n x n
m a t r i x w i t h e n t r i e s

( i . k = d B i ,u t ¥d)
fo r a l l l t i , 4 E n .

N o t e ' . e v e r y c o l u m n o f L s t i l l s u m s t o o n e .



B a c h t o Example I

1 7
Use fractions: D = . 8 5 = ¥0 =

T o

1- D = . 15=3/20

Why? sometimes Wolfram Alpha
w i l l

m a k e m i s t a ke s w i t h d e c i m a l s .

C i , r ,
= ¥ Bin . +3¥

( i . u = 'Jo B i m t fo

l E i n E 3 .



Can w r i t e t h i s u s i n g m a t r i c e s :

c - ' I B t # [ I ! ! ]
Recall 13=[8,01%2], s o

⇐ fo (1713 t f ! ! ! ) )
='s.fi#i*:ffii:D

17 O O

I 18 '94
22)

(can stop
=
120 [,'g

, 1
h e r e )



19/40t : : : : : : L1/20 420

Observe t h a t every c o l u m n

s t i l l a d d s u p t o o n e !



Step 4 i C w i l l a l w a y s h a v e 2 = 1

a s i t s l a rg e s t e igenva lue .

T a k e t h e corresponding

eigenvector
i t a n d d i v i d e

e v e r y e n t r y
o f i t b y

11011, = Evi l .
c- = L

T h e ith e n t r y o f t h i s ve c t o r

i s t h e PageR a n k o f page

P i f o r a l l l t i E n .



Back t o Example 1 :

( =
21
0 (I

1 8 1912

1 1
19/
2)

18
l I

Eigenvalue 7 = 1 h a s

assoc i a ted eigenvector

T = (
703/686
190/343 ) (entries a r e

a l l positive)

I

11511, I 7¥, t 'II,
t I

11511, =
171¥
86



Divide i t by t h i s n u m b e r .

703/686I = §¥, I 1901343]11J'll, I

l":::::"380/1769

Observe t h a t t h e e n t r i e s o f 1¥,,
,

s u m to o n e :

7¥, t3¥atf¥a='¥14



Each en t r y represents t h e probability

o f landing a t t h e associated page,

c a l l e d t h e PageRank .

§§, = (703/
1769

← Paseranu o f p l380/1
769}

pageRann o f P I

686/1769 ← p a g e r , o f P 3



Exam-ple2'. ( fou r pages) find the PaseRann

Of Pz i f

P, links to Pa and Py

P , links t o B

P , l inhs to Pi , Pa, a n d Pu

Pu links t o nothing .

Solution: Picture

P,

#¥:



Step l : Mabe A .

P, P, P, Pu

A- = 0 O

\ O I
O.:O,lo,

O l 0

Step 2 : M a h e B . N o t e c o l u m n

4 i s a l l Z e r o s , s o change

t h e z e r o s t o o n e s i n t h i s

c o l u m n :

0 O
l l

A- → [ i o i l ]O / O l

l O l l



% O " 3 4 4o : : : : ,D= ( Y , O '13 44

Note eve r y c o l u m n o f B a d d s u p t o o n e .

Step 3 : Ma h e C .

D = . 85
= ¥

Ci ,u= ¥ Bint ¥
( i n = I I Bien t ¥

I E i , 6 E 4 .



( = #B t fo f! I , ' , 'i : : : ]
=L (1713+34 (!!!!])

17/3 171
4)

t=:(§:":::
17/2 O '7/3 17/4

34!!!!))



3/4 314 77/12 5

= 210/
3714

314 77ha 5

314 744 314 5

3714 3/4 7742 5
]

Observe e a c h c o l u m n o f C

a d d s u p t o o n e .

Step 4 : compute pageR a n k s b y finding

the eigenvector associated
t o 7= 1

f o r C .

W e g e t t h e eigenvector

✓ =

4 0 / 5 7

I[1769/
1463]I



11511, = 4457 t I t ¥6,9 t l

11511, = 17,185
1

40157
I =

4389-
[17169/1463]118111 17,165

I

Only asked for the PageR a n k o f

P2, w h i c h i s 4,48%
9



for large va l u e s o f n , h o w

Page and B r i n f ind t h i s eigenvector

i s Google's secret!

Some questions:

1 ) How d o w e k n o w 2= 1 i s

a lways a n eigenvalue fo r l ?

2 ) How d o w e k n o w 2= 1 i s t h e

largest eigenvalue?

3 ) T h e associated eigenvector
I

h ad b e t t e r have positive e n t r i e s .

How do w e k n o w t h i s i s t he

case?



Answer for 1 ) : eigenvalues o f C E

eigenvalues o f Ct
,
and

w:[!) i s

a n
associated eigenvector

fo r 1 = 1 a n d C t .

I f w e l o o k a t ( for a n y n m m a t r i x A )

de t (At-AIN)

= d e t (At-7 I n t )

=
de t ( ( A - 7 In ) t )

= d e f ( A - c ) I n ) (determinant
property 4))



So O=detlA-XIN) - d e HA-X IN ) ,

w h i c h t e l l s u s t h a t t h e eigenvalues

o f A a n d A t a r e t h e s a m e .

N ow consider Ct. Remember t h a t

( ( t ) i , u = (↳ i
for a l l l t i i r e n

a n d t h a t {Cy, i = I for a l l

4 = 1

f ixed i , K i e n .



T h e n Ct ( I );
=
£ (Ct),.,
K = I{{ " "2
'")" "

I

{(Ct) m a
n

q
""

= , can[ C u , i columns

= u = i o f c

s u m t o£ ' "

'
2
)
I' i l

h I c

i

§, Can = I



=/:i
?

= l .
il:L

T h i s s h ow s 7=1 i s a n

cigenvalve fo r Ct, s o 7= 1

i s a n eigenvalue f o r C bu t

n o t w i t h the vec to r o f a l l ones!



Answer for 2 )
'

. n o r n i nequa l i ty, tales a

l i t t l e b i t o f w o r k

Answer for 3 ) : Perron- frobenius

Theorem!


