
Projections

(Section 4 .2 )

Recall Q : w h y does t h e best f i t polynomial

approach wo r k ? w h a t exac t l y

i s i t producing w h e n i t gives

y o u a n answer?



Exampled'. ( best f i t l i n e f r o m before)

Given t h e points ( 1 , 3 ) , (2,- l) ,

a n d (6 ,5 ) , w e found t h e

"best-fit" l i n e t h ro ugh t h e s e

points.

W e w r o t e y =mx
t b for t h e l ine

and plugged i n the points:

3 = M t b

- l : 2m tb

5 : Gmtb ,

t h en w e r e w r o t e t h i s a s a m a t r i x

equation A t = I



w h e r e

A --f! &)

X i (L)
b-

= ( I ) .
I f there w a s a so l u t i o n I , then

J i A I E R a n t a ) .

Let's n o t e t h a t I = [¥] is

n o t i n Ranch!



Ran( A ) = C o l ( A ) - span
o f c o l umn s o f A

columns of A : ( I ) , [&]

and r ew r i t i n g

D= A E ,

(1) =L!:) (L)
= [1:14:14:D

=L! 'g) (44+491)



→ (C!!)-Col)
a r e l i n e a r

" " " ' " " "

+my;D.com
transformations)

=b[1) tmf:]
So a so l u t i on (bn) t o AE=5

wou l d have t o be a l inear combination

o f t h e co l umns o f A . But

obtain ing the v a l u e s B a n d M

i s t h e s a m e a s so l v i n g

A- I = 5 , w h i c h w e c a n

s h o w i n Wo l f r a m Alpha has n o solution!



RREE (Aib]

=C!:i÷I
= [10108¥09)

n o s o l u t i o n

W e "solved" t h e problem by passing t o

t he equat ion

A-t a x = Atb,

then multiplying by (Ata)-l

t o get

I =
CATAI'At5



Observe t h a t , multiplying both s ides b y A

o n t h e left ,

A I = ACATAI'At5
~
automatically i n RonfA)!

I f w e s e t

F - Acata i 'at 5,

w h a t t h i s s a y s i s t h a t

A I = 5, always h a s

solut ions, o n l i n e A t =D!



w h a t we ' re rea l l y doing i s

replacing
5 w i t h 51.

G o a l : understand t h i s geometrically.



Observa t ion ! ( A (Att)-'At)

S e t P= A CATA5' A t .

T h e n P ip = P (HW 7 ) .



Projections

PEMn (IR) i s c a l l e d a projection

i f P . P = P .

T h i s i s usually

shortened t o p ? P .



Example-2'. (projections o n t o y=x)

Let P='s [ I l ] . S h ow

p? p ,

p : { ( i t )- I [ i t ]

: [ "i. "i.I l ' s
'ii.I

= [494
14

Ya t Yg

Ya t Y u Ya t
'ly]

= [ "I. I ; ] = p -



I f y o u apply P t o a v e c t o r

✓=[I] ,
t h e n

PC}f : [ l i f t ]
= ' s [ '%)
= (F)) x a n a y

coordinates
e q u a l



I f to = [-82),

Pf:p's fi,')f!)
= ! (f)
= (33)) s a n e x and

y coordinates

I n general, p[g) = I [ ' i ' ] (Y)

='s (III)
=[¥¥)gs¥,coordinates



[¥¥ f¥ I 'd
so Ron( P ) = {(ng) I y=x3,

Pictures

,

"

" "

f t :



But i f Q = } [ I 22],

o f t.fi:)-t.fi:)

='re::S.ci:1
= at [3

6

3

6)

i f i : ] - Q
50 Q i s a l s o a projection!



Qu i t ' s [ I f ) ( s )

=:c::::3
= xt¥ ( I ]

T h i s m a t r i x a l s o h a s r a n g e t h e line y = × .

B u t

Q [8,] =
8¥21 [ i f

= I c i ]
f - [3 ) = p [ § )



Picture

,

"
" "

a÷÷¥¥
±e,

-0 i s n o l o n g e r 900!

By va r y i n g t h i s ang le , w e c a n

c rea te infinitely m a n y projections

w i t h r a n g e y : X . How d o w e

pick o u t t h e 900 one?



I f c ) O , then t h e m a t r i x

i t ' l l : ]
i s a projection w i t h r a n g e y = × .



Orthogonalprojections

A projection PEMNCIR) i s

cal led a n orthogonal projection i f

p2= pp€
Observe t h a t , f o r t h e previous examp l e ,

(the:{It:#Ci'd
i f t h i s eava ls ttc [ / {],

then E l ,



Back t o bes t - f i t polynomials:

W e no ted t h a t i f

p = A (ATA)-'At,

t h e n P i s a projection.

I n fac t , P i s a n orthogonal

projection! (Hw 7 ) .

Wh a t w e a r e doing w h e n w e ca lcu la te

b e s t - f i t polynomials i s replacing

IT i n A I - B w i t h the

orthogonal projection o f 5 on to

Ran( A ) and solv ing t h a t equation.



Geometric I n t e r p r e t a t i o n

L e t A EMnc l R ) . T h e n RanCA)

i s a subspace o f 112". O f

a l l the projections Q whose

r a n g e i s e q u a l t o RanCA) , the

orthogonal projection P m i n im i z e s

t h e distance b e t w e e n XE IR"

a n d P x C- R a n ( A ) E R " .

T h a t i s , i f y C- Ran (A ) ,

llx.gl/2zllx-Pxl#



why? Ta ke yeRanCA). T h e n s i n c e

Rancp)-Ranta) ,
w e k n o w

that Py = y ,
a s fo l lows:

s i nce y e Ra d P ) , y = P x fo r

s ome x E 112". T h e n

y = P x , s o P-y=p.Px=Px=y

s i n c e P i p = p .

I n o r d e r t o m i n im i ze 11×-91122, w r i t e

11×-91122
= 11x-PythPx-y

1122

= E



T h e n thinking o f x , y a s c o l u m n vectors ,

I I x - P x t P x - y
112
2

=

(X-Px t i x - g )
t
(x-pxtPx-y)

=
((×-Px)tt(Px-g)t ) (X-pxtpx.us)

= (x-Px)t(x-Px) t (Px-g) t h -px )

+ (x-Px)t(Px-y) t (Roy)t(Px-y)

show i t

=
11×-13×1122tcpx-yltcx-PQ.IE?ot(x-
PxstlPx-y)tllPx-ylla2



B u t y = P y ,
s o

(Px-g)
t
(x-Px)

= (Px-Pdt (x-ex)

=
(plays)t((In-P) x )

= (x-ystp€p. ×

(pilot) = (×-g)
t
p . (In-P). X

= (x-g)
t (p-p) . ×

(p :p ) = ( x . g )
t (p -p ) . X
Ferrom a t r i x

= O



T h e n X-Px)t (Px-y)

= ¢P x - g ) t
(x-p×))t

= Ot = 0 , s o

I I X - y
112
2

= 11x - P x
112
2 t

(Px-y¥ePx)

+
(x-PMI-g) t k Px-9112?

W e h a v e t h a t

2

11 x - y 112 =
11×-13×11,2 t 11 Px-y 11,2.

~ Jaries w i t h
f i x e d y



Minimiz ing
11×-91122 i s n o w t h e

same a s min im i z i ng 11 Px - y 1122.

But t h i s c a n n e v e r be l ess t h a n

z e r o , a n d i s equal t o z e r o

o n l y w h e n P x - y = D
,
s o

Px = y gives t h e minimum!

Choosing

T h e n y=Px

"X-yllfzllpx-xlljhtllpx.PT 112
2

i f
s o 11×-911%21112×1122, and

t a k i n g s q u a r e r o o t s ,

11×-9112? 11 Px-+112=11×-14112 ✓



O b s e r v a t i o n : ( o r t hogona l i t y o f P x a n d x - P x )

I f XEIR" and P i s a n orthogonal

projection,
t h e n regarding × a s

a c o l u m n ve c to r ,

(Px)! ( x - a ) = xtptlx.pe)

(pipe) e x t p (x-Px)

= x t p ( I n - P ) x

= # (p-p')×

(Papa) e x t ( p - p ) x
Fun

= O



I n t h e picture fo r Example 2 ,

t h e r e d dashed l i ne i s a translated

c o p y o f E - P E . T h i s l a s t

fac t t e l l s y o u t h a t t h e angle

i s a l w a y s 900 between t h i s t rans la te

a n d Px , s ince i t I i y E l R ", then

regarding x a n d y a s c o l um n vectors,

D = i t . I =
115112115112 (Oslo)

I f i t f t I , t h e n c o s c o k o

⇒ -0=900.



Conclusion: W h a t w e d o w i t h bes t - f i t

polynomials i s rep lace
b-

w i t h t h e v e c t o r i n Ranca l

t h a t i s c losest t o 5 , i n

Euclidean l e n g t h . T h i s

o c c u r s v i a a 900 projection

Picture i n÷÷¥÷
÷¥÷÷i:

1123



Q : I f A T A i s n o t i n v e r t i s l e . . .


