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Geometric i n t u i t i o n : a v e c t o r i s a quantity

possessing b o t h magnitude

(length) a n d direction

(angle) . Here, we' re

t h i n k i n g a b o u t 2-dimensional

v e c t o r s .
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Example-l: Let i t b e t h e v e c t o r w i t h

magn i t ude 7 and angle

-2¥. Find t h e Car tes ian

representation o f V .

S o l u t i o n : O u r v e c t o r s s t a r t a t t h e

o r i g i n a n d terminate a t a

point ( x , y ) . W e w a n t

t o f i n d x and y .

From Calc I s : i f r i s t h e

magnitude and Q i s t h e d i r e c t i o n ,

X = r Cosco)y=rsi#



Us i n g t h e formula ,

r = 7

Q = -2T§ , s o

X = r c o s@1=7 cost-2¥)

= 7 c o s (2¥)
cosine
i s e v e n

=
- I

y = r s i n c e )
= 7 s i n -2¥)
= - 7 - s i n (2¥) sine

i s

odd

= -7¥
T h e coordinates a r e w r i t t e n a s

{-7=2,-7¥)



IR"

IR-- t h e r e a l n u m b e r s ( a l l fractions

o f numbers 9 l b whe re a , b

a r e count ing n u m b e r s o r 9 = 0 ,

and negat ives o f s u c h numbers,

plus wei rd s t u f f
l i k e 52 o r

T l ) . No t imaginary numbers!

112" denotes a l l ordered n- tup l e s

o f r e a l n u m b e r s .

D = I , 2 , 3 1 4 , - - (counting numbers)



- IR' = I R

-

112
2

= ( x , y ) where x , y a r e i n LR

w e w i l l somet imes wr i te these a s

a r o w [ x y ] o r a c o l u m n

[ I ] w h e n we ' re talking a b o u t

v e c t o r s i n
1122.

-
1123

= (x , y, z ) w h e r e x , y , z a r e i n IR.

Sometimes w e w r i t e [ x y z ] o r

[¥] for vectors i n
1123



I n 1123, v e c t o r s a r e specified by

t h e i r l e n g t h a n d t w o ang les .

- IN = ( x , Xs,...,Xn) where

X i N a , . . - , X , a r e a l l i n 117.

T h i s i s a f i n i t e l i s t of real

n u m b e r s , n o t a n inf inite

sequence .

For v e c t o r s i n 112":

[x , x . . . . x D " ("§!)



"ordered" m e a n s t h a t switching

t h e o r d e r o f n u m b e r s doesn't

necessarily g i ve y o u t h e s a m e

v e c t o r ; f o r example ,

(3 ) t f : ]



Convent ion : A l l v e c t o r s e m a n a t e from the

o r i g i n .



Vector Add i t i o n

Given v e c t o r s f."÷). 1.Elina:
w e a d d t h e v e c t o r s b y

X , t y ,l:÷lt.÷t-fat.1 0 XItyn

= adding corresponding e n t r i e s



Warning! You c a n o n l y a d d v e c t o r s o f

t h e s a m e s i z e .

For example

[§]t[I] i s o k , but

[53ft (II) i s n o t o k



Sc a l a r M u l t i p l i c a t i o n

Given C E I R a n d [§§] i n IR?

W e sca l a r mu l t i p l y a s fo l l ows :

X I C X ,

c . (1=1":"
¥.

an
)

= multiply e v e r y e n t r y by C



Example-2: Given v e c t o r s

F - (§] and

✓ = [¥] , compute

{ F t 55.

solution: §i=µ%:
x .

cuff:/



5 0 = (5) = (5- 1 1
35
5¥)

5 . 7

s o

I F +55 =
55
8:{tf)11 35

59

=/ :D



Linearcombi-ations

Ta k e a c o l l e c t i o n o f v e c t o r s 5 i n IR?

A v e c t o r i t i n
112"

i s a

l inear combination o f v e c t o r s i n 5

i f there i s a counting number k

a n d v e c t o r s wT ,I , . . . , WI, i n S

w i t h

VECiwitCzW2tat-
tCIwv@I-
forsomescalarsCi.ca,---sCK



I .e . you c a n o b t a i n i t by s c a l a r

mul t ip ly ing o r adding (" o r "

m e a n s potentially both) v e c t o r s

i n S .



How t o c h e c k i f o n e v e c t o r i s a

l i n e a r combinat ion o f g i v e n vec to r s :

w r i t e d o w n you r v e c t o r equat ion,

t u r n i t i n t o a s y s t e m o f

l i n ea r e qu a t i o n s , t h e n s o l v e

t h e equations (maybe using

matrices).



5Examplets: I s a , a linear
1 2
(8)

c o m b i n a t i o n o f fit
7 -1 8

?[to]
,

a n d
{§}

I

s o l u t i o n : w h a t w e w a n t t o k n o w i s

w h e t h e r t h e r e a r e s c a l a r s

C t , ( 2 , a n d C z w i t h

t.fi:1[§]tC2[¥]tG(}§
C ,



Cif}]tca[¥]tG(¥]=§§)

w r i t t e n
af's;ff¥i)

3C,

± :" (¥11 512)- 2 4

-1 8 0 3'¥4
)

=
(29
5

↳ ( %,}
add a l l
these
vec to r s



2403c÷÷H÷÷÷H÷."

C, t
7-C z - 1 8C 3

=

8C , - l o c , t 2423{- c , + g o ,

3 C , - 2 C ,

t6C
3)

se t e a va l t o (Yg)



c , t
7-C z - 18C} 5

8C , -10121-2423Hi:L{- c , + g o ,

3C , -2121-663
c m

i n
vector i n

1124

v e c t o r i n
1124

I f t h e s e v e c t o r s a r e equa l , t h e i r

corresponding e n t r i e s m u s t be equal, s o

Cittc,-185=5 1st entry

2nd y

8C,-10021-245=11
3rd , ,

- C , t 5 c , = 1 2

4th i t

3C , -251-65=8



C , ttc,-184=5

8C,-10021-245=11

- C , t 5 c , = 1 2

3C,-251-65=8

System o f linear equations!

S o l v e using matr ices

C , Cz ( 3
,

I 7 - 1 8 ,
5

8 - 1 0 2 4
' I l[-I

5 O ;
1
2)3 - 2 6 8

r o w r e d u c e

Wo l f r am Alpha



R R E F (matrix)
c a C z c 3 So lu t i ons

I 0 O ' O

0 I
01
0)( O o I fo

0 ¥

N o so l u t i o n .

S o n o s u c h 4 , (2 , ( 3 e x i s t .



Terminology: ( span ) Given a c o l l e c t i o n

o f v e c t o r s 5 i n IR", t h e spare

o f 5 , d e n o t e d b y s p a n ( s ) , i s

t h e collection o f a l l l i n e a r combinations

o f v e c t o r s i n S . I f spants)=lRn,

w e s a y t h a t S i s a spanninget

f o r 112", i . e . , e v e r y v e c t o r i n LR"

i s a l i n e a r combinat ion o f v e c t o r s

i n s .



DotProts
Row t o c o l u m n : g i ven v e c t o r s

T and E i n 112", a n d w r i t e

✓ = [ v , v ,
-

' ' v , ] and

✓ = f o r v , i s , . . , V a and1¥
.
w.
)

W ' I w a , . - , W n i n I R .



T h e d o t product o f TV w i t h

5 i s t h e rea ln-umber given by

Gov-⑧ = [Viva--'th]
-(%)

v e c t o r s

W h

= V , W , t V 2 w , t - - - t v n w n

=£ V i W i
[ = L
i n

a r e a l n umbe r



Exampled: Le t i t = [ 2 - 6 ] and

✓ =/}]. Compute

f . 0 .

S o l u t i o n : f . E = [ 2 -b]- [34]

=(2-3) t (-6-4)

⇒



Remark: i f y o u w a n t t o compute

E . i t i n t h e previous example,

w r i t e i t a s a r o w vecto r a n d

I a s a c o l u m n v e c t o r :

E - T = ( 3 4]-[I]
= - 1 8

I n t h i s m a n n e r , w e c a n s e e t h a t

t.w-w.JP



GeometricInterpretations

1 ) s c a l a r mu l t i p l i c a t i o n
'

. i f i t i s a

v e c t o r i n
112" a n d C i s a sca la r,

t h e n c . i t i s

a ) t h e z e r o v e c t o r [§) i f ⇐ O,

b ) r t i f c - / ,

c ) a stretched vers ion o f T

(same d i re c t i o n , bigger
magnitude)

i f c > I ,



d ) a shrunken v e r s i o n o f i t (same

d i r e c t i o n , s m a l l e r magnitude)

i f 0 L C L I

e ) a v e c t o r pointing i n t h e

opposite d i r e c t i o n o f i t , w i t h

magnitude governed b y ICI, i f

C L O .



Picture
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2 ) V e c t o r A d d i t i o n : i f 5 , 5 a r e

v e c t o r s i n 112", t h e v e c t o r F t w

i s computed geometrically b y

a ) drawing T,

b ) m a k i n g a n e w coordinate a x i s

w h e r e i t te rm ina tes ,

c ) d r aw i n g
i t from t h e or ig in

o f t h i s n e w a x i s ,

d ) connec t i ng t h e original or ig in

t o w h e r e i t terminates.

T h i s gives t h e v e c t o r F t w



Picture

¥
±⇐÷



3 ) Span

T h e z e r o r e c t o r (o:&) i n Mn

Adding t h e z e r o vector t o i tse l f

y ie lds t h e z e r o v e c t o r again. Similarly,

multiplying t h e z e r o v e c t o r by a n y

s c a l a r a l s o y i e lds t h e z e r o v e c t o r .

Denoting t h e z e r o v e c t o r by 8,
geometrically,

span(8)=apoin#



O n e n o n z e r o v e c t o r

P i c tu re

inf in i te

by multiplying¥÷.by C > I

%
infini te ✓

by multiplying by

C L O .



T h e s p a n , o r a l l l inear combinations,

o f a s i n g l e nonzeron v e c t o r i s

a l i n e , geometrically. We c a n

get a w a y w i t h o n l y s c a l a r multiples

o f i t i n t h i s c a s e .



T w o n o n z e r o v e c t o r s

÷i÷÷÷
÷÷*÷±
.



T h e s p a n , o r a l l l i n e a r combinations,

o f twononzerovectors i s a

plane, geometrically, u n l e s s o n e

v e c t o r i s a s c a l a r mult ip le o f

t h e o t h e r . I n t h i s c a s e , w e

g e t a l i n e a g a i n .



T h r e e n o n z e r o v e c t o r s ( ? )

Cassel: a l l t h r e e v e c t o r s point i n t h e

s a m e , o r opposite, d i r e c t i o n .

T h e n t h e span o f t h e s e t h r e e

ve c t o r s i s a l i n e .

Case 2 :
-

n o t a l l t h r e e v e c t o r s a r e o n the

same l ine, b u t o n e i s i n

t h e span o f t h e o t h e r t w o .

T h e n t h e span o f these three

v e c t o r s i s a plane.



Casey: n o t a l l t h re e v e c t o r s a r e o n a

l ine a n d n o t a l l t h re e ve c t o r s

a r e i n a plane. T h e n

t h e s p a n o f these th ree ve c t o r s

i s a l l o f three-dimensional

s p a c e .



Importantobservationan

1 ) T h e z e r o v e c t o r i n
112" i s i n the

s p a n o f a n y c o l l e c t i o n o f v e c t o r s .

J u s t m a k e s c a l a r s e q u a l z e r o .

2 ) Any v e c t o r i s a l i n e a r combination

o f i t s e l f
,

m a k e t h e s c a l a r

e q u a l t o o n e fo r t h a t v e c t o r and

don't a d d a n y other vec to r s .



3 ) I f y o u s t a r t w i t h n o n z e r o vectors ,

t h e span i s a lway a n infinite

col lect ion of ve c to r s ; just choose

a l l s c a l a r mu l t i p l e s o f a single

v e c t o r .



4 ) D o t P r o d u c t - l a t e r

I f t h e t w o v e c t o r s a r e equa l

I f n o t . . .

Reduction:



f u r t h e r r e d u c t i o n



Even f u r t h e r r e d u c t i o n



Example-5: (angle b e t w e e n vectors)



Exampleby:


