1.10  Complex form of Fourier series.

There is way of writing Fourier series in terms of complex exponentials instead of cosines and sines that is convenient for a number of purposes.  We start out with the Fourier series of a function f(x) on the interval - ( < x < (.  
(1)
f(x)   =   a0   +    EQ \I\su(n = 1,(, )(an cos nx  +  bn sin nx)
where

(2)
a0   =    eq \f(1,2()  eq \i(- (,(, )f(x) dx
(3)
an   =    eq \f(1,()  eq \i(- (,(, )f(x) cos nx dx
n = 1, 2, …
(4)
bn   =    eq \f(1,()  eq \i(- (,(, )f(x) sin nx dx
n = 1, 2, …

Note, an and bn are defined for negative n.  In fact, an is an even function of n and bn is an odd function of n, i.e. a-n = an and b-n = bn.  The coefficients An in the complex form of the Fourier series are defined as follows.  Let


A0   =   a0   =    eq \f(1,2()  eq \i(- (,(, )f(x) dx
(5)
An   =    eq \f(an - ibn,2)   =    eq \f(1,2()  eq \i(- (,(, )f(x) (cos nx – i sin nx) dx   =    eq \f(1,2()  eq \i(- (,(, )f(x)e-inx dx
Note that the formula for An includes A0 as a special case.  Also, 

(6)
A-n   =    eq \f(1,2()  eq \i(- (,(, )f(x) (cos nx + i sin nx) dx   =    eq \f(1,2()  eq \i(- (,(, )f(x)einx dx 

and


A-n   =    eq \o(An,_)
if f(x) is real valued

Note that the regular Fourier series coefficients can be recovered from the complex ones by the formulas


a0   =   A0 

(7)
an   =   An  +  A-n
bn   =   i(An  -  A-n) 
and

(8)
an   =   2 Re[An]
bn   =   - 2 Im[An]
if f(x) is real valued
In order to see how to express the function f(x) in terms of complex exponentials we start with (1) and substitute (7) and the formulas for cos nx and sin nx in terms of einx.

f(x)   =   A0   +    EQ \I\su(n = 1,(, )[ (An  +  A-n)  eq \b(\f(einx + e-inx,2))  +  i(An  -  A-n)  eq \b(\f(einx - e-inx,2i))) ]
(9)
f(x)   =   =   A0   +    EQ \I\su(n = 1,(, )An einx   +   EQ \I\su(n = 1,(, )A-n e-inx   

This is usually written as

(10)
f(x)   =    EQ \I\su(n = - (,(, ) An einx 
where the summation from - ( to ( in (10) is interpreted in terms of (9).  In summary, the complex Fourier series is 
(11)
f(x)   =    EQ \I\su(n = - (,(, ) An einx 
where
An   =    eq \f(1,2()  eq \i(- (,(, )f(x)e-inx dx
Note that it is simpler in appearance that the formulas for the regular Fourier series.
Example 1.  Find the complex Fourier series on the interval - ( < x < ( of the function

f(x)   =    eq \f(1,2)  +   eq \f(1,2) sgn eq \b(x - \f((,2))   =    eq \b\lc\{(\a\al(   0         for - ( ( x < \f((,2), 1/2        for x = \f((,2),   1         for \f((,2) < x < ())
Solution.  Using (11) one has


A0   =    eq \f(1,2()  eq \i(- (,(, )f(x) dx   =    eq \f(1,4)


A-n   =    eq \f(1,2()  eq \i(- (,(, )f(x)einx dx   =    eq \f(1,2()  eq \i((/2,(, )e-inx dx   =     eq \b\rc\|(\f(- e-inx,2ni() )\o((/2,()   =    eq \f((e-in( - e-in(/2) i,2n()   
=    eq \f(- sin(n(/2) + ((- 1)n - cos(n(/2)) i,2n()
so

f(x)   =    eq \f(1,4)   +    EQ \I\su(\o(n = - (,n ( 0),(, )  eq \f((- 1)n - cos(n(/2) + i sin(n(/2),2n() einx 

If we want the usual Fourier coefficients of f(x) we can use (8).

an   =   2 Re[An]   =   2 Re[  eq \f(- sin(n(/2) + ((- 1)n - cos(n(/2)) i,2n() ]   =    eq \f(- sin(n(/2),n()

bn   =   - 2 Im[An]   =   - 2 Im[  eq \f(- sin(n(/2) + ((- 1)n - cos(n(/2)) i,2n() ]   =    eq \f((- 1)n+1 + cos(n(/2),n()
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