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ABSTRACT
Genetic algorithm optimized time varying magnetic field functions for stabilizing and maximizing
entanglement in a decoherence-free Heisenberg spin dimer are presented. The oscillation in entan-
glement in a decoherence free magnetic spin dimer is presented. The effect on the coherence and
population terms in the density matrix due to the time-varyingmagnetic field functions is discussed
and viewed using twodimensional time varying plots of entanglement and three-dimensional Bloch
sphere diagrams. This work shows that it is possible to remove the natural oscillatory nature of deco-
herence free entanglement andmaximize entanglement using time varying transientmagnetic field
stabilizing functions.
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1. Introduction

The quantum entanglement phenomenon is observed
experimentally andmathematically as two ormore quan-
tum systems sharing the same wave function such that
when measuring one system, the other system is affected
instantaneously regardless of the distance. Quantum
entanglement has been demonstrated to exist between
quantum systems even at very large separations, for
instance, distances such as between a satellite and the sur-
face of earth [1]. Quantum entanglement is important to
implement applications of quantum teleportation, quan-
tum cryptography and quantum computation. Finding
new ways to maximize and maintain the entanglement
between two quantum systems is an active research area
[2–4].

An interesting system for analysing entanglement is
the behaviour of a Heisenberg spin dimer immersed in
an external magnetic field. Entanglement in such systems
has been studied for various spin chain models [5–8]. A
time-invariantmagnetic field of differentmagnitudeswas
able to change the oscillation frequency of entanglement
in the Heisenberg spin dimer numerical model [7]. As
will be shown, in this paper, it is possible to use a time-
varying magnetic field to put a decoherence-free mag-
netic spin dimer into a constant nearly perfect entangled
state. This paper uses simulation to show a decoherence-
free magnetic spin dimer in a time-invariant magnetic
field will naturally oscillate between zero and maxi-
mum entanglement. During the oscillation of the system
when the system is in the unentangled state it cannot
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be used for quantum computations. This paper analy-
ses the system state difference between a time-invariant
and a time-varying magnetic field stabilized spin dimer.
To the author’s knowledge, there is no analytical formula
for finding the time-varying magnetic field function to
stabilize a spin dimer. By using a genetic algorithm to
find a time-varying magnetic field function, it can shed
some light as to what the magnetic field solutions look
like and how the system evolves into a stable entangled
state.

2. The spin dimer system

In thiswork, a two qubit XYHeisenberg spin dimerwith a
static and time varying external magnetic field is consid-
ered. The system state evolves according to the equation
of motion in Equation (1).

dρ
dt

= −i[H, ρ] (1)

The density matrix ρ is a 4 × 4 matrix in the form given
in Equation (2). The diagonal terms of the matrix ρ rep-
resent the population and all sum to 1 which represents
the total probability. The off diagonal terms represent
coherence in the system.

ρ =

⎛
⎜⎜⎝

ρ11 ρ12 ρ13 ρ14
ρ21 ρ22 ρ23 ρ24
ρ31 ρ32 ρ33 ρ34
ρ41 ρ42 ρ43 ρ44

⎞
⎟⎟⎠ (2)
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The Hamiltonian H of the spin dimer is given by
Equation (3) [6].

H = B(t)(Sz1 + Sz2) + J(S+
1 S

−
2 + S−

1 S
+
2 )

+ Jr(S+
1 S

+
2 + S−

1 S
−
2 ) (3)

The raising and lowering operators for the spin system
(S±) are defined according to: S±

n = Sxn ± iSyn, S
(x,y,z)
n =

1
2σ

(x,y,z)
n with σ

(x,y,z)
n denoting the three Pauli spin matri-

ces and n denoting the nth position on the spin chain.
ThisHamiltonian is described in terms of the parameters:
J, r, and B, where J = (Jx + Jy)/2, and r = (Jx − Jy)/(Jx +
Jy). The terms Jx and Jy denote the exchange interaction
between two qubits in each dimension with positive val-
ues denoting anti-ferromagnetic interaction and negative
values denoting ferromagnetic interaction. The coupling
constant J and r play a role in entanglement as discussed
in the literature [9].

The first term B(t)Szn shows the response of the system
to an external time-varying magnetic field. The external
magnetic field is taken to be directed along the z-axis, and
is a function of time. The second and third terms describe
the internal interactions of the system, which are gov-
erned by the coupling strength between the spin states
(J), and the asymmetry of this coupling (r).

The concurrence measure is used to quantify the
entanglement in this work [10]. R is constructed from
the system density matrix ρ in Equation (4). The con-
currence C is defined by Equation (5) in which the λi
represent the eigenvalues of the matrix R.

R = ρ(σy ⊗ σy)ρ
∗(σy ⊗ σy) (4)

C = max (
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4, 0) (5)

3. Genetic algorithm entanglement
optimization

Since there is no cookbook method to find the time-
varying magnetic field function to put the system into a
stable entangled state, two general purpose approxima-
tion functions were considered. The first is to optimize
the magnetic field intensity for each time point for the
entire simulation, but this method creates an exponential
number of parameters in themultidimensional optimiza-
tion space for increasing time. The second and chosen
method uses cubic spline interpolation since the control
points only affect the nearest neighbours, and it reduces
the number of parameters to optimize. To further reduce
the number of parameters to optimize, only the first few
time units of the simulation allow the magnetic field to
vary. For the rest of the simulation after the initial time-
varying period, the magnetic field is a constant a0. One

other advantage of only varying the magnetic field at the
beginning of the simulation is that in a practical appli-
cation, the magnetic field would only need to be varied
initially to put the spin dimer into an entangled state
before using it to perform a quantumcalculation. In addi-
tion to optimizing the control points for the cubic spline
interpolation function for the magnetic field amplitude,
the parameters J, r, and a0 were optimized at the same
time.

The genetic algorithm (GA) is a search algorithm
inspired by the theory of evolution, and knowledge of
how the genetic code is passed down to offspring [11].
The genetic algorithm in this paper did not use the
concept of a ‘generation’ and simply replaces individ-
uals in the population with roulette wheel selection as
new individuals are created from the genetic operators.
The shared fitness of a particular solution is propor-
tional to the entanglement and inversely proportional to
the Euclidean distance to the other solutions. Each indi-
vidual consisted of all the parameters required to form
a solution. The mutation operator modifies parameters
by adding a Gaussian distributed random number. The
crossover function is only allowed to cross over at param-
eter boundaries. A few additional operators were used
such as gradient ascent, centre ofmass, binary search, and
swap. The gradient ascent operator attempts to move in
the direction of themaximum increase in fitness based on
two parents. The centre ofmass operator uses a local pop-
ulation around each parent to calculate a set of parame-
ters that would represent the centre of mass where the
mass is the shared fitness. The binary search operator
averages the parameters that lie between the two parents.
The swap operation swaps the values of different param-
eters in the same individual. So, a swap might consist of
swapping the values between parameter one and param-
eter ten. The simulation consisted of a population of
330, and 10,000 total number of fitness or entanglement
evaluations.

4. Results

There are a number of results that were noteworthy from
this investigation. The first is that the system entan-
glement from an initially constant magnetic field oscil-
lates between maximum and minimum entanglement
as shown in Figure 1. The genetic algorithm found an
optimized constant magnetic field configuration, con-
sisting of a magnetic field strength of amplitude a0 =
0.0206, the coupling constant J = 1.3087, and the ratio
r = 1.0735. In the figure, the excited and ground-state
populations are shown. The total population is the sum
of the ground ρ11 and excited ρ44 states. The populations
oscillate with a constant amplitude sinusoidal pattern
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Figure 1. The excited stateρ11 is represented as a sinusoidal solid
(blue) line while the ground state ρ44 is a dashed (blue) line.
The entanglement is represented by the rectified sinusoidal solid
(black) line. The magnetic field is a the bottom (green) solid line
which is time-invariant. Thehorizontal axis represents thepassage
of time. The spin dimer system starts out initially in the ground
state ρ44 = 1. The magnetic field is constant. The term ρ41 is the
complex conjugate of ρ14 and is not plotted. The other terms of
the density matrix are zero and do not vary with time.

Figure 2. The same as Figure 1 except the bottom solid (green)
line now varies according to the time-varyingmagnetic field from
the first trial solution.

with the excited and ground state population 180-degree
phase shift between them. The entanglement is maxi-
mizedwhen the ground and excited-state populations are
equal at 50%. This represents a superposition state where
the two atomic states cannot be differentiated from each
other. The entanglement goes to zero when either the
ground or excited state populations are at a maximum.
The ρ14 and ρ41 are the coherence terms that need to
have a non-zero magnitude in order for the system to be
entangled. A desirable situation would be if the entangle-
ment was stable for a time-invariant magnetic field. This
can be accomplished by manipulating the system to the
desired state with a transient time-varying magnetic field
as shown in Figures 2 and 3.

The magnetic field versus time function B(t) consists
of two parts. The first is a time-varying initial 3.2-time
units, and the second is a constant time independent
field of magnitude a0 for the rest of the simulation time.

Figure 3. The same as Figure 1 except the bottom solid (green)
line now varies according to the time varying magnetic field from
the second trial solution.

The time-varying magnetic field functions are plotted
in Figures 2 and 3. As shown in the figures, two dif-
ferent magnetic field functions lead to the same den-
sity matrix and stable entanglement. The time-varying
magnetic field does not have an obvious relationship
between the densitymatrix terms. In order to understand
more about how the changing magnetic field causes the
system to evolve into a stable entangled state, a three-
dimensional plot of the coherence term ρ14 where the x
dimension is the real and the y dimension is the imag-
inary part of ρ14, and the z dimension represents time
is displayed in Figures 4 and 5. Both the time-invariant
and time-varying magnetic fields cause fluctuations in
the imaginary part of ρ14, but the real part for the time-
invariantmagnetic field only fluctuates around zero.Dur-
ing the two trials of time-varying magnetic field appli-
cation, the real part changes from 0 to −0.5. The path
taken by the ρ14 term is different in the trials, but end
up in the same final state. Also, once the field goes to a
constant value, the real part does not appear to fluctuate
and the oscillations in the imaginary domain are nearly
at zero amplitude. Furthermore, the spin dimer remains
fully entangledwith the same constantmagnetic field that
would otherwise exhibit oscillations in the entanglement
without the initial changing magnetic field.

Another way to visualize the spin dimers during the
application of the magnetic field function is to plot the
evolution on the Bloch sphere. The results of two tri-
als are shown in Figures 6 and 7. From this point of
view, it is easy to see that when ρ14 is near the equa-
tor, the system exhibits entanglement. It is also clear that
the system travels in a large loop from the ground to the
excited state passing through the equator similar to a Rabi
oscillation with a constant magnetic field. So, the sys-
temdoes not exhibit stable entanglement.However, when
the dynamic magnetic field is applied, the system state
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Figure 4. The real and imaginary parts of ρ14 are plotted against
each other and as a function of time for an initial ground state.
The sinusoidal (dark green) signal on the right where the real
part of ρ14 is zero represents how the imaginary part of ρ14 in
a constant magnetic field varies with time. The solid (blue) line
starting at the bottom of the figure with zero real and imaginary
components represents the irregular path ρ14 evolves during the
time-varying magnetic field from trial 1 and then during a con-
stant magnetic field after 3.2-time units. The highlighted (bright
green) parts on the irregular (blue) line represent where entan-
glement is nearly one. The highlighted (purple) dots of the sinu-
soidal ρ14 evolution with a real part of zero represent where the
entanglement is nearly one. The spin dimer state starts at the
ground state, initially goes to the right then progresses to a real
amplitude of −0.5. The B field as a function of time causes the
system to evolve from the original ground state to a real part of
−0.5.

changes to a small loop around X = −1, and exhibits
stable entanglement.

5. Discussion and conclusion

This paper demonstrates using a genetic algorithm to
find a time-varying magnetic field function to convert
an unstable spin dimer system to exhibit stable entangle-
ment. The analysis of the coherence term ρ14 during the
transition from the unstable initial entanglement to the
stable entanglement indicates the magnitude of the real
part is important to maintain entanglement, and when
it is near the equator of the Bloch sphere. The system
evolves from an entanglement unstable orbit around the
Block sphere near the poles to orbiting around the equa-
tor in a small loop. The entanglement is stable in the small
loop since the densitymatrix ρ is always near the equator.
Additionally, the constant magnetic field used to main-
tain the entangled state was less than 1% of the magnetic

Figure 5. Same as Figure 4 except the time varying field is from
trial solution 2. The start and end states are nearly identical, but
the path to the final state is different.

Figure 6. The Bloch Sphere representation of how the spin dimer
state evolves for both a time-invariant and changing magnetic
field for the first trial results. The starting state for both the con-
stant and changingmagnetic fields is the ground state at the bot-
tomof the sphere. The solid (green) circle traversing the poles rep-
resents how the system oscillates between excited and ground
states for a time invariantmagnetic field. The highlighted (purple)
markers near the equator represent where entanglement is max-
imized. The irregular (blue) line starting at the ground state (bot-
tom) represents how the spin dimer evolves during the first trial
time-varyingmagnetic field and then during a constantmagnetic
field. The highlighted (bright green) parts near the equator of the
irregular line on represent where entanglement is nearly one. The
cross (red) on the equatorwhere the irregular line ends represents
when the magnetic field is made constant. The small (green) cir-
cle where the irregular line ends near X equals−1 represents the
stabilized entangled state.
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Figure 7. This is the second trial run result. See Figure 6 for the
figure description.

field amplitude required to create the fully entangled
state. The lower magnetic field required to maintain the
entanglement has the benefit of lower maintenance cost
and saves energy. In conclusion, this method of stabiliz-
ingmaximum entanglement could be useful for quantum
computing and higher efficiency with a lower energy
requirement.
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