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As the power density of modern electronic circuits increases dramatically, systems are prone to overheat-
ing. Thermal management has become a prominent issue in system design. This paper explores thermal-
aware scheduling for sporadic real-time tasks to minimize the peak temperature in a homogeneous
multicore system, in which heat might transfer among some cores. By deriving an ideally preferred speed
for each core, we propose global scheduling algorithms which can exploit the flexibility of multicore
platforms at low temperature. We perform simulations to evaluate the performance of the proposed
approach.
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1. Introduction

As the power density of modern electronic circuits increases
dramatically, systems are prone to overheating. High temperature
also reduces system reliability and increases timing errors [1].
Thermal management has become a prominent issue in system
design. Techniques for thermal management have been explored
both at design time through appropriate packaging and active
heat dissipation mechanisms, and at run time through various
forms of Dynamic Thermal Management (DTM). The packaging
cost of cooling systems grows exponentially [2]. Recent estimates
have placed the packaging cost at $1–$3 per watt of heat dissi-
pated [3]. The techniques to reduce the packaging cost of cooling
systems (e.g., the amount of cooling hardware in the system) or
reduce the temperature in architectural levels have been studied
in [3–5,1]. As an alternative solution, the DTM [3–5] has been pro-
posed to control the temperature at run time by adjusting the
system power consumption. Furthermore, Li et al. [6] demonstrate
that addressing thermal constraints is particulary important for
the increasingly important multicore architecture. Many modern
computer architectures provide system designers with such
flexibility. For instance, current multicore platforms (e.g., Intel’s
dual core T2500 processor) permit the simultaneous scaling of
all cores by a symmetric scaling factor. However, future multicore
platforms are likely to allow for asymmetric frequencies of differ-
ll rights reserved.
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ent cores upon the same chip, due to the significant benefit in
temperature management [7,8].

In real-time systems, thermal-aware scheduling aims to main-
tain safe temperature levels or minimize the peak temperature
for processors without violating timing constraints for real-time
tasks. For uniprocessor systems, thermal-aware scheduling has
been explored to optimize the performance by exploiting the
DTM [3–5] to prevent the system from overheating by adopting
Dynamic Voltage Scaling (DVS) [9,10]. Wang et al. [11–13] devel-
oped reactive speed control with schedulability tests and delay
analysis, while Chen et al. [14] developed proactive speed control
to improve the schedulability. Bansal et al. [15] developed an algo-
rithm to maximize the workload that can complete in a specified
time window without violating the thermal constraints. Zhang
and Chatha [16] provided approximation algorithms to minimize
the completion time, while each task is restricted to execute at
one speed. Chen et al. [17] showed that the schedule with the
minimum energy consumption is an e-approximation algorithm
in terms of peak temperature minimization for periodic real-
time tasks. Bansal et al. [2] show that Yao’s algorithm [9] for
real-time jobs is a 20-approximation algorithm for peak tempera-
ture minimization.

Thermal-aware multiprocessor scheduling has also been
explored recently, e.g., [18–21]. For multiprocessor real-time
scheduling, there are typically two choices of scheduling paradigm:
global or partitioned. In the global scheduling paradigm, a real-
time job is permitted to migrate between the processors on the
processing platform. In partitioned scheduling, a job is statically
assigned to a single processor in the platform and migration is not
permitted. A significant portion of prior research in thermal-aware
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Table 1
Major notation that is used repeatedly throughout the paper. Less used notation is not
included in this table.

Expression Description

M Set of processing cores
a; c;X;D Processor-specific thermal constants
M Number of processing cores
H Set of heat sinks
�h Number of heat sinks
Gj;‘ Thermal conductance between similar elements

(i.e., core-to-core or sink-to-sink)
Hj;h Thermal conductance from core-to-sink

Gy Thermal conductance between heat sink and environment

HjðtÞ Temperature of element j (i.e., core or heat sink) at time t
Ha Fixed ambient temperature
WjðtÞ Total power consumption of Core j at time t
T Sporadic task system
N Number of tasks in T
taui Sporadic task
ei Execution requirement of si

di Relative deadline of si

pi Period of si

ui Utilization of si

di Density of si

usumðT; kÞ Aggregate utilization of first k tasks of T
umaxðTÞ Maximum utilization of tasks of T
dmaxðT; kÞ Maximum density of first k tasks of T
dbfðsi; tÞ Demand of task si over any interval of length t
loadðT; kÞ Load of the first k tasks of T
sj Speed of core j
S‘ðMÞ Aggregate platform speed function of first ‘ cores

kðMÞ and k̂ðMÞ Platform heterogeneity functions

Fig. 1. An example for 4 cores.
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multiprocessor systems has focused on the partitioned scheduling
paradigm. For multiprocessor systems without heat transfer among
the processors, Chen et al. [17] proved that the largest-task-first
strategy (also called worst-fit decreasing [22]) has a constant
approximation factor for the minimization of peak temperature. If
heat transfer between two cores is taken into account, thermal-
aware scheduling of real-time tasks has only limited results. Chan-
tem et al. [23] provided a mixed integer linear programming (MILP)
formulation for peak temperature reduction by assuming that the
power consumption of a task on a processor is fixed and the heat
transfer can be estimated by accumulating the power consumption
of the other cores. However, the above thermal-aware scheduling
algorithms focus on partitioned scheduling of periodic real-time
tasks or a set of job instances without periodicity. Applying parti-
tioned scheduling for real-time tasks in a multicore environment
is often too conservative. The focus of this paper is obtaining results
for thermal-aware scheduling under the global paradigm.

This paper explores thermal-aware scheduling for sporadic real-
time tasks to minimize the peak temperature in a homogeneous
multicore system. As heat can transfer among cores and heat sinks,
the cooling and heating phenomena is modeled by applying the
Fourier’s cooling model in the literature [19,23,18,20], in which
the thermal parameters can be calculated by the RC thermal model.
Although heat transfer is a dynamic process, it is not difficult to see
that the temperature on a core is non-decreasing if the execution
speed on a core is fixed. Moreover, it will end up with a steady
state, in which the temperatures on all cores become steady. We
show how to approximately minimize the peak temperature at
the steady state. This paper proposes a two-stage approach. In
the first stage, we derive the preferred speeds for execution to min-
imize the peak temperature under the necessary schedulability
conditions of global scheduling. Then, in the second stage, we de-
rive a proper speedup factor to satisfy the sufficient schedulability
conditions of global scheduling. The proposed approach is quite
general, and can be adopted for global scheduling algorithms that
have both a necessary condition and a sufficient condition for the
global schedulability of sporadic tasks, such as the global earli-
est-deadline-first (EDF) scheduling policy and the global deadline-
monotonic (DM) scheduling policy. Furthermore, in our approach,
we permit each core to have a potentially different speed than
the other cores. To evaluate the effectiveness of the proposed algo-
rithms, we use three multicore platforms with 4� 1;2� 2;4� 2,
and layouts for simulations.

The rest of this paper is organized as follows: Section 2 shows
the system model and problem definition. Section 3 presents
how to derive the preferred speeds of cores for minimizing the
peak temperature under the necessary schedulability conditions
of global scheduling. Section 4 derives the feasible speed schedul-
ing based on the preferred speeds. Section 5 presents performance
evaluation over simulated multicore platforms. We will conclude
the paper in Section 6.

2. System model and problem statement

This section presents the models in this paper, including the
thermal model, power consumption model, task model, and sched-
uling algorithms. We also explicitly define the problem considered
by this paper at the end of this section. Due to the extensive nota-
tion, we have collected all major recurring notation into Table 1 for
the reader’s convenience.

Thermal model. We consider a multicore system, in which each
core is a discrete thermal element. In the system, there is a set of
heat sinks on top of the cores. Those heat sinks generate no power,
and are used only for heat dissipation. Fig. 1 is an example layout
for 4 cores with 2 heat sinks. Heating or cooling is a complicated
dynamic process depending on the physical system. We could
approximately model this process by applying Fourier’s Law
[2,15,18,23,16,24,11–13,20], in which the thermal coefficients
can be obtained by using the RC thermal model, such as the ap-
proaches in [19,23,18,20]. The thermal model adopted in this paper
is similar to the recent approaches in [19,23,18].

We define M¼ f1;2;3; . . . ;Mg as the set of the M cores in the
multicore system. Suppose that the thermal conductance between
Cores j and ‘ inM is Gj;‘, where Gj;‘ ¼ G‘;j. Note that if Cores j and ‘

have no intersection for heat transfer, then Gj;‘ ¼ 0. We assume Gj;j

be 0 for any j inM. We assume that the capacitance of Core j inM
is Cj.

We define H ¼ f1;2;3; . . . ; �hg as the set of the �h sinks in the
multicore system. Suppose that the thermal conductance of a
heat sink dissipating heat to the environment is Gy. We define
Hj as the set of heat sinks connected to Core j. Suppose that
the vertical thermal conductance between Core j and Sink h in
Hj is Hj;h, which depends on the distance and the linking material.
For Sinks h and g in Hj, the horizontal thermal conductance
between the sinks is Gh;g , where Gh;g ¼ Gg;h. If there is no heat
dissipation from Core j to Sink h, then Hj;h ¼ 0. We assume the
capacitance of Sink h in H is Ch.

We define HjðtÞ and HhðtÞ as the temperature at time instant t
on Core j and Sink h, respectively. We assume that the ambient
temperature Ha is fixed. We also define WjðtÞ as the power con-
sumption on Core j at time t. Informally, the rate of change in the
temperature on a core is proportional to the power consumption
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times the quantity of the heating coefficient minus the cooling
coefficients times the quantity of the temperature gradients among
the core, its neighboring cores, and its heat sinks. The heating/
cooling process by Fourier’s Law can be formulated as

Cj
dHjðtÞ

dt
¼ WjðtÞ �

X
h2H

Hj;hðHjðtÞ �HhðtÞÞ

�
X
‘2M

Gj;‘ðHjðtÞ �H‘ðtÞÞ; ð1aÞ

Ch
dHhðtÞ

dt
¼ �GyðHhðtÞ �HaÞ

�
X
j2M

Hj;h HhðtÞ �HjðtÞ
� �

�
X
g2H

Gg;hðHhðtÞ �HgðtÞÞ; ð1bÞ

where dHjðtÞ
dt and dHhðtÞ

dt are the derivatives of the temperatures on Core
j and the heat sink, respectively. All these parameters can be
derived by applying the RC thermal model for a given platform,
e.g., [19,23,18].

Power consumption model. We explore thermal-aware sched-
uling on cores, each with an independent DVS capabilities (referred
to as DVS cores). As shown in the literature [10,23,25], the power
consumption Wj on Core j is contributed by:

� The dynamic power consumption Wdyn;j mainly resulting from the
charging and discharging of gates on the circuits, which can be
modeled by Wdyn;j ¼ asc

j , where sj is the execution speed of Core j
and both cð6 3Þ and a are constant.
� The static power consumptionWsta;j mainly resulting from the leak-

age current. The static power consumption function is a constant
X when the leakage power consumption is irrelevant to the
temperature [26,17]. When the leakage power consumption is
related to the temperature, it is a super linear function of the
temperature [27]. As shown in [28,23], the static power
consumption could be approximately modeled by a linear func-
tion of the temperature with roughly 5% error. Hence, the static
power consumption in this paper is as follows: Wsta;j ¼ DHj þX,
where Hj is the absolute temperature on Core j and K and X
are both constants such that Wsta;j is non-negative when the
temperature is above the ambient temperature (see [29] for a
discussion on how the processor-specific constants can be
obtained for a given processor-architecture specification).

As a result, the following formula is used as the overall power
consumption on Core j of speed sj with temperature Hj:

W ¼ Wdyn;j þWsta;j ¼ asc
j þXþ DHj: ð2Þ

Task model. In this paper, we consider jobs generated by a spo-

radic task system [30], T ¼deffs1; s2; . . . ; sNg. Each sporadic task, si, is
characterized by ðei; di; piÞwhere ei is the required execution cycles,
di is the relative deadline, pi is the minimum inter-arrival separa-
tion parameter (historically, called the period). The interpretation
of sporadic task si is that the first job a task si may arrive at any
time; however, subsequent job arrivals are separated by at least
pi time units. After every job arrival for task si the processor must
execute ei cycles of the job within di time units. If, at any given time
t, a job has execution remaining, the job is said to be active at time

t. The utilization of task si is denoted by ui ¼
def

ei=pi. For this paper,
we consider two special subclasses of sporadic task systems: impli-
cit-deadline and constrained-deadline. An implicit-deadline sporadic
task system requires that for each si 2 T, the relative deadline
equals the period (i.e., di ¼ pi). For an implicit-deadline task sys-
tem, we will assume that the tasks are indexed in non-decreasing
order of utilization: ui 6 uiþ1 for all 1 6 i < N. A constrained-dead-
line task system requires di 6 pi for all si 2 T. Furthermore, we will
also assume that tasks are indexed in non-decreasing order of their
relative deadline: di 6 diþ1 for all 1 6 i < N.

We define the following metrics on task system workload. The
total utilization of the first k tasks ð1 6 k 6 NÞ is defined as:

usumðT; kÞ ¼
def Xk

i¼1

ui: ð3Þ

The maximum utilization over all tasks of T is denoted by umaxðTÞ.
The density of si is denoted by di ¼

def
ei=ðminððdi;piÞÞ. The max density

(among the first k tasks of T) are respectively defined as:

dmaxðT; kÞ ¼
def max

k

i¼1
fdig: ð4Þ

The demand-bound function dbfðsi; tÞ quantifies the maximum
cumulative execution cycles of si that must execute over any inter-
val of length t. More specifically, dbfðsi; tÞ is the maximum cumula-
tive execution of jobs of si that have both arrival times and absolute
deadlines in any interval of length t. In [31], it has been shown that
for a sporadic task si, the demand-bound function may be com-
puted as follows:

dbfðsi; tÞ ¼
def max 0;

t � di

pi

� �
þ 1

� �
ei

� �
: ð5Þ

Using the demand-bound function, we may compute the maximum
‘‘load” that first k tasks of T places upon the processing platform:

loadðT; kÞ ¼max
tP0

Pk
i¼1dbfðsi; tÞ

t

( )
: ð6Þ

In general, loadðs; kÞ may be determined exactly in pseudo-polyno-
mial time or approximated to within an arbitrary additive error in
polynomial time [32].

Scheduling algorithms. Each DVS core on our platform M is
permitted to execute at a potentially different speed than the other
cores. The uniform multiprocessor model (e.g., see [33]) is a ma-
chine-scheduling abstraction which appropriately characterizes
DVS multicore processors executing at different speeds. In the uni-
form multiprocessor model, Core j executes at a rate sj. Any job
(regardless of the generating task) executing upon Core j will com-
plete sj � t cycles over any time interval of length t.

For our current work, we consider two priority-driven global
scheduling algorithms: edf and dm. Upon uniform multiprocessor
platforms, priority-driven scheduling works by assigning each job
a priority and executing, at any time instant, the (at most) M high-
est-priority active jobs. Furthermore, among the set of at most M
highest-priority active jobs, higher-priority jobs are favored over
lower-priority jobs, by executing the highest-priority jobs upon
the fastest processors. Note that, if there are að< MÞ active jobs at
time t, then only the a fastest processors execute jobs at time t;
the M � a slowest processors are idled at time t. The (global) edf
scheduling algorithm assigns priority to jobs in inverse proportion
to their absolute deadline: the earlier a job’s deadline the greater
its priority. The (global) dm scheduling algorithm assigns priority
to each job proportional to the inverse of its relative deadline: the
smaller a job’s relative deadline the greater its priority. We will sum-
marize some current results concerning global scheduling of spo-
radic tasks upon uniform multiprocessors in Section 3.2.

Problem definition. Given a system T of sporadic real-time
tasks, the thermal-aware global scheduling problem is to find an
assignment of execution speeds on the multicore system such that
all the tasks may complete by their respective deadlines by apply-
ing the global scheduling policy (either EDF or DM) and the peak
temperature is minimized. This paper obtains an execution-speed
assignment approximation algorithm that runs in polynomial time.



1 In this paper, we will assume that ½A� is nonsingular (i.e., ½A��1 exists). In which
case, standard techniques for solving linear systems may be applied (e.g., LU
decomposition). However, in the rare case that ½A�might be singular, techniques such
as singular value decomposition (SVD) may be applied to determine ~H. A discussion of
such techniques is beyond the scope of our paper and we refer the reader to [34,35]
for further details.
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Without loss of generality, we assume that the initial temperature
is equal to the ambient temperature.

3. Deriving preferred speeds

This section presents how to derive the preferred speed of each
core so that the peak temperature is minimized while the neces-
sary schedulability conditions are satisfied. First, in Section 3.1,
we will present how to reformulate the thermal parameters so that
we can easily calculate the peak temperature of a speed assign-
ment. Then, in Section 3.2, we will summarize the schedulability
conditions of global scheduling in uniform multiprocessor systems,
following the derivation of preferred speeds based on the neces-
sary schedulability conditions for global scheduling of sporadic
real-time tasks in Section 3.3.

3.1. Thermal parameters reformulation

Suppose that Core j is assigned with a constant speed sj for its
execution (and also for idling) all the time. If each core runs at
its constant speed, it is clear that the temperature is non-decreas-
ing on each core. Moreover, it will end up with a steady state, in
which the temperatures on all cores become steady. Therefore,
the peak temperature of Core j is no more than the temperature
H�j , which is the solution to Equation dHj

dt ¼ 0. Similarly, we can ob-
tain the peak temperature H�h of Sink h. By reformulating Eq. (1b),
we know that at the steady state, for all j 2M,

0 ¼ Wj �
X
h2H

Hj;hðH�j �H�hÞ �
X
‘2M

Gj;‘ðH�j �H�‘ Þ

¼ asc
j þXþ D�

X
h2H

Hj;h �
X
‘2M

Gj;‘

 !
H�j

þ
X
h2H

Hj;hH
�
h þ

X
‘2M

Gj;‘H
�
‘

and, for the heat sink h 2 H,

0 ¼ �Gy H�h �Ha
� �

�
X
j2M

Hj;h H�h �H�j
� 	

�
X
g2H

Gg;hðH�h �H�gÞ:

As Ha is fixed, for the rest of this paper, we can simply take Ha as 0
and the temperatures on the cores and sinks are shifted accordingly,
i.e., H�h is H�h �Ha, H�g is H�g �Ha, and H�j is H�j �Ha. Therefore, for
all j,

0 ¼ asc
j þXþ DHa þ D�

X
h2H

Hj;h �
X
‘2M

Gj;‘

 !
H�j

þ
X
h2H

Hj;hH
�
h þ

X
‘2M

Gj;‘H
�
‘ ;

and, for the heat sink h,

0 ¼ �GyH�h �
X
j2M

Hj;h H�h �H�j
� 	

�
X
g2H

Gg;hðH�h �H�gÞ:

We can simplify the above equations by the following notations: for
any 1 6 j–‘ 6 M and 1 6 h–g 6 �h,

Aj;j ¼ D�
X
h2H

Hj;h �
X
‘2M

Gj;‘;

Aj;‘ ¼ Gj;‘;

Aj;Mþh ¼ AMþh;j ¼ Hj;h;

AMþh;Mþh ¼ �Gy �
X
j2M

Hj;h �
X
g2H

Gg;h;

AMþh;Mþg ¼ Gg;h:
Then, we know that
A1;1 � � � A1;g

A2;1 � � � A2;g

..

. ..
. ..

.

AM;1 � � � AM;g

AMþ1;1 � � � AMþ1;g

..

. ..
. ..

.

Ag;1 � � � Ag;g

0BBBBBBBBBBBBB@

1CCCCCCCCCCCCCA

H�1
H�2

..

.

H�M
H�Mþ1

..

.

H�g

0BBBBBBBBBBBBB@

1CCCCCCCCCCCCCA
¼ �

asc
1 þXþ DHa

asc
2 þXþ DHa

..

.

asc
M þXþ DHa

0
..
.

0

0BBBBBBBBBBBBB@

1CCCCCCCCCCCCCA
;

where g is M þ �h. For notational brevity, let ½A� be the ðM þ �hÞ-
dimensional matrix of Aj;‘, in which all the elements in matrix ½A�
are constants. Let ~H be the vector of the peak temperatures of the

cores and the sinks in the above equation. Let~B be the transposition

of the ðM þ �hÞ-dimensional vector ðX;X; . . . ;X
zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{M

; 0; . . . ;0
zfflfflfflffl}|fflfflfflffl{�h

Þ. Let~P be the
transposition of the ðM þ �hÞ-dimensional vector of dynamic power
consumption on these cores, where the power consumption of the

ðM þ hÞth element in ~P is 0 for 1 6 h 6 �h.
With these notations, the above equation can be simplified as

½A�~H ¼ �~P �~B. Therefore, we have
~H ¼ �½A��1ð~P þ~BÞ; ð7Þ
where ½A��1 is the inverse of matrix ½A�. Since matrix ½A� is only re-
lated to the hardware implementation of the multicore platform,
we can calculate its inverse ½A��1 off-line.1 For notational brevity,
let ½V� be the inverse matrix of ½A�. For vector ~B, Bn is the value at
the nth row. For matrix ½V�, Vj;‘ is its element at the jth row and
the ‘th column. Hence, after assigning the execution speed of these
M cores, the peak temperature can be easily obtained with the
above formula.

We now provide an example to show why speed scaling matters
for minimizing the peak temperature. Consider a system with 4
cores and 2 sinks with matrix ½A� defined as follows:
�1:7000 0:2500 0 0 0:1500 1:2000
0:2500 �1:0000 0 0 0:0500 0:6000

0 0 �1:3500 0:5000 0:1500 0:6000
0 0 0:5000 �1:8500 0:0500 1:2000

0:1500 0:0500 0:1500 0:0500 �5:0300 1:0000
1:2000 0:6000 0:6000 1:2000 1:0000 �10:000

0BBBBBBBB@

1CCCCCCCCA
Suppose that vector ~B is ½4:73;4:73;4:73;4:73;0;0�T and ambient
temperature Ha is 30 �C. The power consumption of a core at
1 GHz is 40 ða ¼ 40Þ, and c ¼ 3. The peak temperatures reached
on these four cores by executing at speed 1 GHz for all cores are
83.60, 102.08, 95.13, 86.61 �C. Assigning the speed of the four cores
as 1.1, 0.9, 0.95, 1.05 GHz leads to a solution with peak tempera-
tures 90.45, 93.25, 92.23, 89.55 �C on these four cores. The above
speed assignments provide the same computation capability, but
are with different peak temperatures. As a result, speed assignment
must be done carefully so that the peak temperature can be
reduced.
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3.2. Preliminary results for global scheduling

In this subsection, we summarize some schedulability and fea-
sibility results obtained by Funk, Goossens, and Baruah [36–39] for
global scheduling of implicit-deadline and constrained-deadline
sporadic task systems upon uniform multiprocessor platforms.
We will develop our approach based on these schedulability and
feasibility conditions. Let pðiÞ denote the ith fastest processor (ties
broken arbitrarily) of multicore platform M; that is,
spð1Þ; spð2Þ; . . . ; spðMÞ are the speeds of the processors of M, in non-
increasing order. Some important metrics [33] on uniform multi-
processor platforms are:

S‘ðMÞ ¼
def X‘

j¼1

spðjÞ; ð8Þ

kðMÞ ¼def max
M

‘¼1

PM
j¼‘þ1spðjÞ

spð‘Þ

( )
; ð9Þ

k̂ðMÞ ¼def max
M

‘¼1

PM
j¼‘spðjÞ

spð‘Þ

( )
: ð10Þ

We will use the convention that Spð0ÞðMÞ equals zero.
Sufficient conditions for global scheduling of implicit-deadline

sporadic task systems upon uniform multiprocessors are known:

Lemma 1 (Theorem 6 of [36]). An implicit-deadline sporadic task
system T is globally edf -schedulable upon a processing platformM, if

SMðMÞP usumðT;NÞ þ kðMÞ �max umaxðTÞ;
usumðT;NÞ

M

� �
: ð11Þ
Lemma 2 (Theorem 2 of [37]). An implicit-deadline sporadic task
system T is globally dm-schedulable upon a processing platformM, if

SMðMÞP 2usumðT;NÞ þ k̂ðMÞ � umaxðTÞ: ð12Þ

Sufficient conditions for global scheduling of constrained-deadline
sporadic task systems upon uniform multiprocessors are known:

Lemma 3 (Theorem 1 of [38] and Theorem 1 of [39]). A constrained-
deadline sporadic task system T is globally S-schedulable (S is either
edf or dm) upon a processing platform M, if

loadðT; iÞ 6 1
/S

lðM;T; iÞ � mðM;T; iÞdmaxðT; iÞð Þ; ð13Þ

for i ¼ N if S ¼ edf and for all i ð1 6 i 6 NÞ if S ¼ dm, where

lðM;T; iÞ ¼def
SMðMÞ � kðMÞdmaxðT; iÞ; ð14Þ

mðM;T; iÞ ¼def maxf‘ : S‘ðMÞ < lðM;T; iÞg; ð15Þ

and

/S ¼
def 1; if S ¼ edf ;

2; if S ¼ dm:

�
ð16Þ

Additionally, a necessary and sufficient condition for feasibility
may be obtained for implicit-deadline sporadic task systems. A
task system T is feasible if there exists always exist a way to sche-
dule (by any algorithm) the jobs of T such that they meet their
respective deadlines on M.
Lemma 4 (Theorem 4 of [36]). An implicit-deadline sporadic task
system T is feasible upon a processing platform M, if and only if, the
following two conditions hold:

usumðT;NÞ 6 SMðMÞ; ð17Þ
usumðT; kÞ 6 SkðMÞ; for all k ¼ 1; . . . ;M: ð18Þ
The above lemma can be trivially weakened to obtain a necessary
condition for feasibility of implicit-deadline sporadic task systems:
Corollary 1. An implicit-deadline sporadic task system T is feasible
upon a processing platform M, if the following two conditions hold:

usumðT;NÞ 6 SMðMÞ; ð19Þ

and

umaxðTÞ 6 spð1Þ: ð20Þ

Necessary conditions for constrained-deadline sporadic task
systems can be obtained using loadðT; iÞ and dmaxðT; iÞ:
Lemma 5 (Lemma 4 of [39]). If a constrained-deadline task system T
is feasible upon a processing platform M, then for all i ð1 6 i 6 NÞ,

loadðT; iÞ 6 SMðMÞ; ð21Þ

and

dmaxðT; iÞ 6 spð1Þ: ð22Þ
3.3. Optimization for preferred speeds

For the rest of this section, we present how to derive the lower
bound of the peak temperature among all cores and preferred
speeds by solving non-linear programming optimally to minimize
the peak temperature while feasibility conditions are satisfied. Let
us first consider a derivation of a tight lower bound on temperature
for implicit-deadline sporadic tasks. Let PðMÞ be the set of all per-
mutations of f1;2; . . . ;Mg. Thus, any p 2 PðMÞ is a function
p : f1;2; . . . ;Mg#f1;2; . . . ;Mg. In the necessary and sufficient con-
ditions of Lemma 4, the second condition (Eq. (18)) states that the
kth fastest processors must have total computational capacity great-
er than the kth largest utilization tasks. Therefore, we need to con-
sider all permutations of processors as candidates for the different
relative orderings according to speed. Based on the necessary and
sufficient condition for feasibility of implicit-deadline tasks (Lemma
4) and the peak temperature formula in Section 3.1, the lower bound
H�p on peak temperature, for a specified permutation of processors,
p 2 PðMÞ, can be obtained by solving the following non-linear pro-
gramming (denoted SYSTEM�ð½A�;~B;~P;T;pÞ):

minimize H�p ¼
def max

16j6Mþ�h

XMþ�h

‘¼1

�Vj;‘ðasc
‘ þ B‘Þ

( )

subject to usumðT;NÞ 6
XM

‘¼1

s‘;

usumðT; kÞ 6 spðkÞ; 1 6 k 6 M;

s‘ P 0; 1 6 ‘ 6 M þ �h: ð23Þ

Obviously, an optimal solution to Eq. (23) will set sMþj to zero where
j ¼ 1; . . . ; �h. Thus, we do not specify the constraints of the sinks in
the above system.

The minimum among fSYSTEM�ð½A�;~B;~P;T;pÞ : p 2 PðMÞg is a
‘‘tight” lower bound H�min of the peak temperature. (The bound is
tight since we derived it from a necessary and sufficient condition.)
Denote pmin ¼

def arg minfH�p : p 2 PðMÞg and H�min ¼
def

H�pmin
. LetMmin

be the system corresponding to H�min with the derived speeds
spminð1Þ; spminð2Þ; . . . ; spminðMÞ. An optimal multiprocessor global sched-
uling algorithm for implicit-deadline task systems upon uniform
multiprocessors (e.g., see [40]) may be used to schedule T upon
Mmin obtaining the minimum obtainable peak temperature. How-
ever, for other online scheduling algorithms such as edf and dm,
we must further modify the speeds of Mmin before we can ensure
that all deadlines of T will be met. Section 4 will describe algorithms



Fig. 2. Simulation setup by using Hotspot thermal model.

Table 2
Platforms in the simulations (units: meter).

4� 1 2� 2
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for determine the values of speeds to ensure edf and dm
schedulability.

A major drawback of the above approach is that it requires cal-
culation of SYSTEM�ð½A�;~B;~P; T;pÞ for all p 2 PðMÞ. However,
there are M! elements of PðMÞ. We may reduce the overall com-
plexity of determining a lower bound on temperature, if we use in-
stead the necessary conditions (Corollary 1 and Lemma 5) on
feasibility. Note the second inequality of both the necessary condi-
tions for implicit-deadline and constrained-deadline systems re-
quire the fastest processor to have sufficient computational
capacity to accommodate the ‘‘largest” task in the system; thus,
we will first derive the peak temperature of the platform for a
specified Core r such that umaxðTÞ 6 sr 6 spð1Þ. (For constrained-
deadline tasks, dmaxðT;NÞ 6 sr 6 spð1Þ.) Then, among these M solu-
tions by setting r ¼ 1;2; . . . ;M, the corresponding speeds with
the minimum peak temperature are returned as the preferred
speeds. The lower bound H�r , for a specified r, of the peak temper-
ature can be obtained by solving the following non-linear pro-
gramming (denoted SYSTEMð½A�;~B;~P;T; rÞ):

minimize H�r ¼
def max

16j6Mþ�h

XMþ�h

‘¼1

�Vj;‘ðasc
‘ þ B‘Þ

( )

subject to WðT;NÞ 6
XM

‘¼1

s‘;

LðT;NÞ 6 sr ;

s‘ P 0; 1 6 ‘ 6 M þ �h: ð24Þ

WðT;NÞ equals usumðT;NÞ (resp., loadðT;NÞ), if T is an implicit-dead-
line (resp., constrained-deadline) sporadic task system. Similarly,
LðT;NÞ equals umaxðTÞ (resp., dmaxðT;NÞ), if T is an implicit (resp., con-
strained-deadline) sporadic task system.

Then the minimum among fSYSTEMð½A�;~B;~P;T;rÞ : r¼1; . . . ;Mg
is the lower bound H�min of the peak temperature. Denote
rmin ¼

def argminfH�r : r¼1; . . . ;Mg and H�min ¼
def

H�rmin
. Let Mmin be the

system corresponding to H�min with the derived speeds s1;s2; . . . ;sM .
To our best knowledge, there is no explicit form for an optimal

solution of SYSTEM�ð½A�;~B;~P;T;pÞ or SYSTEMð½A�;~B;~P;T; rÞ. Here,
we adopt the approach proposed by Dutta and Vidyasagar [41]
by solving the above constrained non-linear programming with a
transformation to unconstrained non-linear programming. we
summarize the procedure as shown in the Appendix, while the
proof of optimality can be found in [41]. Moreover, for a given
set T of tasks, the LðT;NÞ is irrelevant to the speed settings. For
the rest of this section, we assume that LðT;NÞ is known a priori
by applying the exact or approximated methods in [32].

The following theorem shows that H�min is the lower bound of
the peak temperature for feasible speed scheduling2:

Theorem 1. H�min is a lower-bound on the peak temperature for task
system T schedulable (by any algorithm) upon platform M with
thermal characteristics expressed by matrix ½A� and vectors ~B and ~P.
Width Height Left(x) Bottom (y) Left(x) Bottom (y)
Core 1 0.006 0.006 0 0 0 0
Core 2 0.006 0.006 0.008 0 0.008 0
Core 3 0.006 0.006 0.016 0 0 0.007
Core 4 0.006 0.006 0.024 0 0.008 0.007

4� 2
Width Height Left (x) Bottom (y)

Core 1 0.003 0.006 0 0
Core 2 0.003 0.006 0.004 0.000
Core 3 0.003 0.006 0.000 0.007
Core 4 0.003 0.006 0.004 0.007
Core 5 0.003 0.006 0.0085 0.000
4. Feasible speed scheduling

Given Mmin determined by the preferred-speed calculation of
Section 3.3, we now describe the next phase of deriving feasible
speed scheduling. In this phase, we will obtain a constant multipli-
cative factor by which processing platform Mmin’s speed would
need to increase to guarantee that T is globally schedulable (EDF or
DM).

Let b � M denote the platform where each of M’s M processors
has their speed increase by a constant factor b P 1; i.e., the speed
2 All proofs of the lemmas and the theorems and the corollaries are put in Appendix
(unless otherwise stated).
of each processor ‘ in b � M is b � s‘. The following lemma states
some properties of b � M (the proof is trivial):

Lemma 6. S‘ðb � MÞ ¼ b � S‘ðMÞ and kðb � MÞ ¼ kðMÞ, for all
‘ ¼ 1; . . . ;M.

With the above notation, our objective for the feasible speed
scheduling is to obtain a constant b P 1 such that T is globally
schedulable (by edf or dm) upon b � Mmin. We propose two meth-
ods to compute such a b. The first method derives a pessimistic
bound on the speed-up required for both edf and dm. The second
method gives an iterative algorithm which improves upon this pes-
simistic bound for constrained-deadline sporadic tasks.

4.1. Deriving a pessimistic feasible speed scheduling

A pessimistic bound on b for global edf and dm on implicit-
deadline task systems may be achieved by simply deriving a b that
satisfies Lemmas 1 or 2. The following theorem obtains such a
bound. The theorems directly follow by solving Eqs. (11) and
(12) (respectively) for the speed-scaling factor b.

Theorem 2. For constrained-deadline sporadic task system T and
Mmin, T is globally edf -schedulable upon bI

edf � Mmin where bI
edf is

defined as

usumðT;NÞ þ kðMminÞ �max u1;
usumðT;NÞ

M

n o
SMðMminÞ

: ð25Þ
Theorem 3. For constrained-deadline sporadic task system T and
Mmin, T is globally dm-schedulable upon bI

dm � Mmin where bI
dm is

defined as

2usumðT;NÞ þ k̂ðMminÞ � umaxðTÞ
SMðMminÞ

: ð26Þ
Core 6 0.003 0.006 0.0085 0.000
Core 7 0.003 0.006 0.0125 0.007
Core 8 0.003 0.006 0.0125 0.007
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A pessimistic bound on b for global edf and dm on constrained-
deadline task systems may be achieved by simply deriving a b that
satisfies Lemma 3. The following theorem (which follows a similar
argument to Lemma 5 in [39]) obtains such a bound.

Theorem 4. For constrained-deadline sporadic task system T and
Mmin (calledM below), T is globally S-schedulable (S is either edf or
dm) upon bC

S �Mmin where bC
S is defined as

SMðMÞðspð1Þ þ /SspðMÞÞ þ kðMÞspð1ÞspðMÞ þ SMðMÞðspð1Þ þ /SspðMÞÞ
��

þkðMÞspð1ÞspðMÞ
�2 � 4SMðMÞkðMÞs2

pð1ÞspðMÞ

	1
2

�
2SMðMÞs2

pðMÞ

� 	�1

ð27Þ

where /S is defined in Eq. (16).
Using the above theorems, we can obtain an approximation

ratios (in terms of the ideal-processor speeds) for the peak temper-
ature of the system, using the speedup-factor bounds (Theorems
25,3,4).
Fig. 3. Simulation results for edf s
Theorem 5. The peak temperature of bX
S �Mmin (where S is either edf

or dm and X is either C or I) is at most a factor of bc
S greater than the

peak temperature of the optimal M-processor platform on which task
system T is globally schedulable.
4.2. Deriving a better feasible speed scheduling for constrained-
deadline systems

The above analysis for constrained-deadline task systems did
not specify the task workload. For specific task workload,
we can further improve the feasible speed scheduling. Let Mmin

again be the ‘‘preferred-speed” processor determined from the
previous section. We will now describe an algorithm for more
precisely determining a processor b � Mmin such that b is mini-
mized. The next two lemmas give upper and lower bounds on
the value b must satisfy in order for T to be global schedulable
upon b � Mmin.
cheduling when dmax 6
loadðT;NÞ

M .
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Lemma 7. Given T, M, and b P 1, if mðb � M;T; iÞ equals ‘ where
‘ 2 f0;1; . . . ;M � 1g, then

CðM;T; ‘; iÞ < b 6 CðM;T; ‘þ 1; iÞ ð28Þ
where

CðM;T; ‘; iÞ ¼def
kðMÞ�dmaxðT;iÞ
SMðMÞ�S‘ðMÞ ; 0 6 ‘ < M � 1;

1; otherwise:

8<:
9=; ð29Þ

Given the input task workload, by Lemma 6 we may simply
solve Eq. (13) in Lemma 3 as shown in the following lemma (the
proof is straightforward):
Lemma 8. For global schedulerS (either edf or dm), if T satisfies Eq. (13),
then there exists ‘ 2 f0;1; . . . ;M � 1g, equal to mðb � M;T; iÞ, such that

b P bCðS;M;T; ‘; iÞ; ð30Þ
Fig. 4. Simulation results of edf schedu
for i ¼ N if S ¼ edf and for all i ð1 6 i 6 NÞ if S ¼ dm, where

bCðS;M;T; ‘; iÞ ¼def 1
SMðMÞ

ð/S � loadðT; iÞ þ ðkðMÞ þ ‘ÞdmaxðT; iÞÞ;

ð31Þ

and /S is defined in Eq. (16).
Next we aim to find the minimum b that satisfy Lemmas 7 and 8

upon a processor b � Mmin. Since bCðÞ is an increasing function with
respects to ‘, then we only need to find the minimum ‘ satisfying
both lemmas, which is defined as

‘min;i ¼
def minf‘ 2 f0;1; . . . ;M � 1g :

CðMmin;T; ‘; iÞ < bCðS;Mmin;T; ‘; iÞ
6 CðMmin;T; ‘þ 1; iÞg: ð32Þ

Then the minimum b can be obtained as the following theorem (the
proof is straightforward based on the above analysis):
ling for platform with layout 2� 2.



N. Fisher et al. / Journal of Systems Architecture 57 (2011) 547–560 555
Theorem 6. For sporadic task system T and Mmin, T is globally edf -
schedulable upon bedf � Mmin where bedf is defined as
bedf ¼
def bCðedf ;Mmin;T; ‘min;N;NÞ; ð33Þ

T is globally dm-schedulable upon bdm � Mmin where bdm is defined
as

bdm ¼
def max

i2f1;2;...;Ng
fbCðdm;Mmin;T; ‘min;i; iÞg; ð34Þ

where bCðÞ is defined in Eq. (31) and ‘min;i is defined in Eq. (32).
5. Performance evaluation

This section provides performance evaluations of the proposed
algorithm for speed assignments under global real-time schedul-
ing. In the simulations, we evaluate two different algorithms
defined as follows:
Fig. 5. Simulation results of edf schedu
� Algorithm Balanced: first derives speed assignment by applying
the necessary schedulability condition so that the speeds are as
balanced as possible, and then applies Theorem 6 for speed
determination. Specifically, for the necessary condition, when
WðT;NÞ

M < LðT;NÞ, one core is assigned with speed LðT;NÞ and the

other cores are with speed WðT;NÞ�LðT;NÞ
M�1 , and we choose the one

with the minimum peak temperature.
� Algorithm PTO: first applies sequential quadratic programming

for deriving optimal solutions of Eq. (23), and then applies The-
orem 6 for determining the resulting speeds.

5.1. Platform and simulation setup

We evaluate the performance in terms of peak temperature of
the resulting speed assignments on three different hardware plat-
forms, in which their layouts are 2� 2;4� 1, and 4� 2 with 4, 4,
and 8 cores, respectively. We use HotSpot 4.1 simulator [42] to
obtain the RC thermal model for the above platforms. The
ling for platform with layout 4� 1.
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flowchart of the simulation is in Fig. 2. Specifically, we use the
thermal configuration for chip specs, heat sink specs, and head
spreader specs in the simulator. We consider a core as a block for
heat generation and dissipation by using coarse-grained specs.
The details of the platforms are illustrated in Table 2.

The power consumption function at the nominal speed snom on
absolute temperature H‘ is assumed 30s3

nom þ 6:9685þ 0:01H‘

Watt. That is, we assume XþDHa ¼ 10 Watt.
We use synthetic sporadic real-time tasks for evaluating the

performance, in which the deadline of a task is earlier than its
period. We consider different workloads for global edf scheduling
and global dm scheduling. For global edf scheduling, on a given
platform, the peak temperature of a speed assignment for Algo-
rithm Balanced or Algorithm PTO depends on two parameters
loadðT;NÞ and dmax only. Therefore, we perform evaluations for
different values on loadðT;NÞ and dmax, which covers for both im-
plicit-deadline and constrained-deadline systems. We denote
loadðT;NÞ

snom
as workload at nominal speed in the resulting figures. For

global dm scheduling, we generate tasks with specified
P

si2Tui.
Fig. 6. Simulation results of edf schedu
The deadline di of a task si is a random variable in ½100;400�,
and the minimum inter-arrival separation parameter pi is di for
implicit-deadline systems or is a random variable in ½di;1:2di�
for constrained-deadline systems.

5.2. Simulation results

Fig. 3 presents the peak temperature of the resulting speed
assignments of Algorithm Balanced and Algorithm PTO for edf
scheduling when dmax is no more than the average workload on
the M cores, i.e., dmax 6

loadðT;NÞ
M . Fig. 3(a), (c), and (e) are the results

of feasible speed scheduling, while Fig. 3(b), (d), and (f) are for pre-
ferred speeds. When the workload is low, the difference between the
evaluated algorithms is not too much because the power consump-
tions on the cores are not very high. However, when the workload is
higher, a good speed assignment can significantly reduce the peak
temperature, as shown in Fig. 3. Similarly, when the workload is
low, speeding up from the preferred speeds does not increase the
resulting peak temperature very much, since the increase of the
ling for platform with layout 4� 2.
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power consumption is quite limited. When the workload is higher,
speedup factor b could significantly increase the power consump-
Fig. 7. Simulation results of dm scheduling for the p

Fig. 8. Simulation results of dm scheduling for the p
tion, and leads to larger peak temperature difference between the
preferred speeds and the resulting feasible speed scheduling.
latform with layout 2� 2 when dmax ¼ 0:4snom .

latform with layout 4� 1 when dmax ¼ 0:4snom .
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The temperature improvement of Algorithm PTO, compared to
Algorithm Balanced, is highly dependent on the simulated plat-
forms, in which the improvement is at most 3.5 �C for platform
2� 2 in Fig. 3, at most 5 �C for platform 4� 1 in Fig. 3, and at most
22 �C for platform 4� 2 in Fig. 3.

If dmax is larger than the average workload on the M cores, i.e.,
dmax >

loadðT;NÞ
M , we always have to find a core to assign with speed

dmax. The performance of the algorithms highly depends on the va-
lue of dmax. Figs. 4–6 illustrate the evaluation results for different
values of dmax for edf scheduling. For such cases, Algorithm Bal-
anced could be better than Algorithm PTO for some cases, espe-
cially when dmax

loadðT;NÞ is large. This is because the peak temperature
is (almost) dominated by the core with preferred speed dmax. When
we choose the preferred speeds, we try to optimize the speeds for
the other cores. However, this affects the derivation of the speedup
factor very much. For such a case, compared to the balanced
speeds, the improvement on the peak temperature is quite limited
by using the optimal preferred speeds. As shown in Figs. 4(b), (d),
and (f), 5(b), (d), and (f), 6(b), (d), and (f), the speedup factor mat-
ters. When the speedup factor of Algorithm PTO is less than that of
Algorithm Balanced, the resulting peak temperature is less than
Algorithm PTO. However, when the speedup factor of Algorithm
PTO is larger than that of Algorithm Balanced, Algorithm PTO
might be worst than Algorithm Balanced. Therefore, when
dmax >

loadðT;NÞ
M , if dmax

loadðT;NÞ is relatively large, Algorithm Balanced could
be better. This depends on how to minimize the speedup factor.

Figs. 7 and Fig. 8 show the evaluation results of dm scheduling
for implicit-deadline and constrained-deadline systems when dmax

is 0:4snom. The peak temperature is larger than global edf schedul-
ing, since the factor b is in general larger. For dm scheduling, Algo-
rithm Balanced and Algorithm PTO have similar performance.
6. Conclusion

Thermal constraints are becoming increasingly severe for many
systems as chip density increases and the size of the system de-
creases. Heat dissipation in multicore platforms further compli-
cates satisfying thermal constraints due to the transfer of heat
between cores on the same chip. In order to respect these con-
straints, system designers may scale-back the power-consumption
to reduce the peak temperature of the system. However, in
real-time, thermal-aware systems the system designer must
simultaneously ensure that temporal constraints are still satisfied.
The focus of our current research is to address the challenge of
minimizing the peak-temperature for a multicore platform sched-
uled by a multiprocessor real-time scheduling algorithm.

In this paper, we focused upon global scheduling of sporadic
task systems according to either the edf or dm scheduling algo-
rithms. Under this setting, we proposed an approach which first
derives the preferred speeds of the cores by using necessary condi-
tions for multiprocessor schedulability. The resulting platform exe-
cuting at the preferred speeds may be viewed as a uniform
multiprocessor platform. We applied known schedulability tests
to correctly scale the speed of the preferred speeds to ensure the
schedulability of the task system. We showed that our approach
is effective via simulations over synthetically generated task sys-
tems. Our current approach statically determines the speed of each
processor prior to system execution. Future research will investi-
gate whether further temperature reduction is possible in multi-
core platforms when each core may vary its speed over time.
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Appendix A. Solving SYSTEMð½A�;~B;~P;T; rÞ

By ignoring the constraint dmaxðT;NÞ 6 sr and assuming Core q
has the highest temperature among all cores, the following relaxa-
tion will result in a lower bound of the original optimization:

minimize
XMþ�h

‘¼1

�Vq;‘ðasc
‘ þ B‘Þ

subject to loadðT;NÞ 6
XM

‘¼1

s‘;

s‘ P 0; 1 6 ‘ 6 M þ �h:

ðA:1Þ

Then, the above equation can be solved by applying the Lagrange
Multiplier Method in OðMÞ, i.e.,

�aVq;1sc�1
1 ¼ �aVq;‘s

c�1
‘ :

Hence,

sq;1 ¼
UPM

‘¼1ð
Vq;1
Vq;‘
Þ

1
c�1
; sq;‘ ¼ sq;1ð

Vq;1

Vq;‘
Þ

1
c�1;

where sq;‘ is the speed of Core ‘ under the assumption that Core q is
with the highest temperature among all cores, which might not be
true. Therefore,

H�r;0 ¼ max
q¼1;2;...;M

XMþ�h

‘¼1

�Vq;‘ðasc
q;‘ þ B‘Þ

( )
is a lower bound of SYSTEMð½A�;~B;~P;T; rÞ.

Next, starting from H�r;0, we approach the optimal solution of
SYSTEMð½A�;~B;~P;T; rÞ step by step. That is, for the kth step, we will
derive a new lower bound H�r;k based on H�r;k�1. Specifically, at the
kth step, we first minimize the following unconstrained non-linear
programming by applying the sequential quadratic programming
method:

XMþ�h

j¼1

max 0;
XMþ�h

‘¼1

�Vj;‘ðasc
‘ þ B‘Þ �H�r;k�1

( )" #2

ðA:2Þ

þ �1 max 0; dmaxðT;NÞ � srf g½ �2 ðA:3Þ

þ �2 loadðT;NÞ �
XM

‘¼1

s‘

" #2

; ðA:4Þ

where �1 and �2 are defined positive constants related to the rate of
convergence from H�r;k�1 to H�r;k. In general, the constants �1 and �2

should be set as large numbers for deriving precise results. Suppose
that the optimal solution of Eq. (A.4) is � r;k. Then, we can set H�r;k as

H�r;k�1 þ ð
� r;k
M Þ

1
2. The above procedure repeats until ð� r;k

M Þ
1
2 is a small

number. As shown in [41], the resulting speed assignment with

the converged H�r;k is the optimal solution of SYSTEMð½A�;~B;~P;T;rÞ,
when �1 and �2 are large numbers.

Appendix B. Proof of Theorem 1

LetM be the platform defined by processor speeds s1; s2; . . . ; sM .
By Lemma 5, if T is schedulable (either edf or dm) upon M then
loadðT; iÞ 6 loadðT;NÞ 6

PM
‘¼1s‘ ¼ SMðMÞ and dmaxðT; iÞ 6 dmaxðT;NÞ

6maxM
‘¼1fspð‘Þg for all i ¼ 1; . . . ;N. Thus, by the first and second

constraints of SYSTEMð½A�;~B;~P;T; rÞ, the set

fMjs1; s2; . . . ; sM are feasible values of SYSTEMð½A�;~B;~P;T; rÞg
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must contain the set of all processorsM with sr P dmaxðT;NÞ where
T is globally schedulable uponM. Thus, the union of all feasible val-
ues of s1; s2; . . . ; sM for SYSTEMð½A�;~B;~P;T; rÞ over r ¼ 1; . . . ;M must
contain the set of all M-processor platforms upon which T is glob-
ally schedulable. It follows that H�min is a lower bound on the peak
temperature.
Appendix C. Proof of Theorem 4

The satisfaction of Lemma 3 is sufficient for T to be A-schedula-
ble upon platform b � Mmin. That is, we will show the following
condition holds for i ¼ N when S is edf ; for S equal to dm, the con-
dition must hold for all i ¼ 1; . . . ;N.

/S loadðT; iÞ 6 lðb �Mmin; T; iÞ � mðb �Mmin; T; iÞdmaxðT; iÞ

( since
lðb � Mmin;T; iÞ

b � spðMÞ

� �
� 1 P mðb �Mmin;T; iÞ

� �

/S loadðT; iÞ 6 lðb �Mmin; T; iÞ �
lðb � Mmin;T; iÞ

b � spðMÞ

� �
� 1

� �
dmaxðT; iÞ

( since for all a; ad e � 1 6 að Þ

/S loadðT; iÞ 6 lðb �Mmin; T; iÞ �
lðb � Mmin;T; iÞ

b � spðMÞ

� �
dmaxðT; iÞ

� /S loadðT; iÞ 6 lðb � Mmin;T; iÞ 1� dmaxðT; iÞ
b � spðMÞ

� �
� by the definition of lð Þ

/S loadðT; iÞ6 ½SMðb �MminÞ�kðb �MminÞdmaxðT; iÞ�� 1�dmaxðT; iÞ
b � spðMÞ

� �
� by Lemmas 6ð Þ

/S loadðT; iÞ 6 b � SMðMminÞ � kðMminÞdmaxðT; iÞð Þ � 1� dmaxðT; iÞ
b � spðMÞ

� �
( constraints loadðT; iÞ 6 SMðMminÞð Þð
^ dmaxðT; iÞ 6 spð1Þ of SYSTEM
� �

/SSMðMminÞ 6 b � SMðMminÞ � kðMminÞspð1Þ
� �

� 1� spð1Þ

b � spðMÞ

� �
� spðMÞSMðMminÞb2 � ½ðspð1Þ þ /SspðMÞÞSMðMminÞ
þ kðMminÞspð1ÞspðMÞ�bþ kðMminÞs2

pð1Þ P 0:

Using standard techniques for solving quadratic equations, we ob-
tain bS equal to the solution of the final inequality above.
Appendix D. Proof of Theorem 5

According to Theorem 1, a lower-bound on the peak tempera-
ture of such an M-core system that can schedule T. Observe that
in Eq. (23), �Vj;‘ is a positive constant. Thus, by increasing any sj

by bS will increase the peak temperature by at most a factor of bc
S .
Appendix E. Proof of Lemma 7

Given T,M, and b P 1, let ‘ equal mðb � M;T; iÞ. We will consider
two cases:

If 0 6 ‘ < M � 1, then the definition of m implies,
S‘ðb � MÞ < lðb �M;T; iÞ 6 S‘þ1ðb �MÞ
) b � S‘ðMÞ < b � SMðMÞ � kðMÞdmaxðT; iÞ 6 b � S‘þ1ðMÞ

) kðMÞdmaxðT; iÞ
SMðMÞ � S‘ðMÞ

< b 6
kðMÞdmaxðT; iÞ

SMðMÞ � S‘þ1ðMÞ

The final implication implies the lemma by substituting C into the
right-hand side of both inequalities above.

If ‘ ¼ M � 1, then the definition of m implies SM�1ðb � MÞ <
lðb � M;T; iÞ. By the same implications above, we have

b > kðMÞdmaxðT;iÞ
SM ðMÞ�SM�1ðMÞ

. Thus, CðM;T;M � 1; iÞ < b 61, and the lemma

follows.
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