
Math 254 Abstract Algebra
Homework 7, Due November 19th
Special Feature: The neo-Riemannian Group
Thomas Fiore

Read Sections 16, 18, and 19. (We’re skipping 17)
Do the problems below.
Section 13: 21, 36, 38, 46, 49, 51
Section 14: 2, 8, 10, 12, 18, 22, 23, 29, 30, 34
The problems 1, 2, 3, 4, 5 below about the neo-Riemannian Group.

The Structure of the neo-Riemmanian Group Part II

Recall all of the notations, concepts, and problems from HW5 con-
cerning the neo-Riemannian group. The PLR-group is the subgroup
of the permutation group on the set S generated by P , L, and R.

If we begin with the C-major triad and alternately apply R and L,
then we obtain the following sequence of triads.1

C, a, F, d, B[, g, E[, c, A[, f, D[, b[, G[, e[, B, g], E, c], A, f], D, b, G, e, C.

No need to verify this at all, we already have the calculation here. The
first 19 chords of this sequence form a famous chord progression in
Beethoven’s Ninth Symphony, discovered by Rick Cohn. We’re going
to listen to it in class.

1. Conclude from this progression that the 24 bijections

R,LR, RLR, . . . , R(LR)11, and (LR)12 = 1

are distinct, and that the PLR-group has at least 24 elements. Hint:
when are two functions different?

2. Prove that RQ3 = P . Hint: first compute RQ3〈y1, y2, y3〉 using the
formulas above for Q3 and R, then use the resulting formula to com-
pute RQ3〈m, m + 4, m + 7〉 and RQ3〈m,m + 8, m + 5〉. Then, finally
compare these with P 〈m, m + 4, m + 7〉 and P 〈m, m + 8, m + 5〉.

3. Conclude from 2 that the groups 〈P, L, R〉 and 〈L, R〉 are equal.
Note here that 〈· · · 〉 means “subgroup generated by · · · ” rather than

1We recall that upper-case letters refer to major triads and lower-case letters
refer to minor triads.
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3-tuple as above. Hint: Can Q3 be written in terms of L and R using
the fact that Q5 = LR and QiQj = Qi+j?

4. Recall from HW5 that Q5 = LR, that Q5 has order 12, and L and
R have order 2. (P also has order 2, but we won’t need that here). Use
these facts to prove that 〈L, R〉 consists of the 24 bijections listed in 1
above. Hint: Write down what a general element looks like in 〈L, R〉,
then reduce it to a bijection of the form in 1 using the relations just
recalled.

5. Let s = LR (which is also Q5) and let t = L. Then we already know
s12 = 1 and t2 = 1. Use that fact that L and R have order 2 to show

tst = s−1.

Finally, we may conclude that the PLR-group is D12, the dihedral
group of order 24. The reason: D12 is the unique group with 24 ele-
ments, generated by two elements s and t which satisfy the relations:

• the order of s is 12
• the order of t is 2
• tst = s−1.


